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Satellites Data

AMSR-2v8.2 Sea Surface Temperature: 3-days ending 2022-04-19 - Global

Figure: Global SST distribution derived by averaging satellites
measurements over 3-days ending 19 April 2022, Available at
www.remss.com/missions/amsr.
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Satellites Data at different time stamps

Figure: 3-Days ending Figure: 3-Days ending Figure: 3-Days ending
19/04/22 22/04/22 25/04/22
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Satellites Data at different time stamps

Figure: 3-Days ending Figure: 3-Days ending Figure: 3-Days ending
19/04/22 22/04/22 25/04/22

We can create a data set {Z;(x) }(; x)eTxL, Where
T={t:i=1,...,3} and L C R? is a regular spatial lattice
representing the position of each pixel in the images (frames). Each
value in the data set is representing the color of a pixel in a specific
time stamp.



Light cones data

Pastt<t, Present t=t,

Space

Time

Figure: DiSco Project, Rupe et al. (2019).

Lz_(to,Xo) = {th(X’) h—2< tj < Iy, x" € LL such that ||XI—X0|| < C(to—tj)}
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Moving average field defined on a cone

For a constant ¢ > 0, let
Ax)={(s,6) eRxR?:s <t |x—¢| <c|t—s|}
Then, the random field

200~ | TGS A 08), (1) R

where f is a deterministic function called kernel and A is a Lévy
basis. Z;(x) is also called an influenced moving average field
(MAF).
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Influenced mixed moving average fields (MMAF)

Zt(X):// f(A x — &, t—s)N(dA, d&, ds), (t,X)ERXRz
R JAi(x)
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Influenced mixed moving average fields (MMAF)

Zt(X):// f(A x — &, t—s)N(dA, d&, ds), (t,X)ERXRz
R JAi(x)

e Ais arandom parameter and its presence in the kernel
function makes it possible to obtain short and long range
dependence in space and time, see Nguyen and Veraart
(2018).
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Modeling light cones data

Each "color" observed in a pixel is influenced by its past light
cone

Zi(x) is influenced by the values of the field in
L7(t,x) ={Zv(x') : (t', X) € A(x)}

Remark:

e The light cone describing the past of a specific pixel is a
discretized version (analyzed for a finite time horizon and
limited spacial grid) of the set L™ (¢, x).

e The light cone data set can be considered a sample from
an influenced MMAF.
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Spatio-temporal Ornstein Uhlenbeck field

For a constant ¢ > 0, let

AlxX) = {(s.€) eRx B2 : s < t[|x — €] < clt — s},

Zi(x) = /A L, SO NS00, (x) < B x R
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Spatio-temporal Ornstein Uhlenbeck field

For a constant ¢ > 0, let

Aix) = {(s,§) e Rx R®: s < t,||x —&|| < c|t — s},

Zi(x) = /A L, SO NS00, (x) < B x R

Can we define an estimator for the parameter \?

Appendix
0000
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GMM estimator

e C. and Stelzer (2019), prove asymptotic normality of the
GMM estimator for a Lévy driven OU process and a Lévy
driven supOU process.

e Nguyen and Veraart (2018), define a GMM for an STOU
and an MSTOU field and study its consistency.
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Two ingredients

e Stationary random fields: a random field (Z;);crq is said to
be strictly stationary if forany ne N, r, t,...,f € R

d
(Zt1+T>Zf2+Ta s >an+7’) = (Zt1 ) aZtn)-

e Strong mixing, Association, or Weak Dependence' has to
hold.

'See the monographs of Bradley (2007), Bulinskii and Shashkin (2007)
and Dedecker et al. (2007) for a complete review.
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A novel notion of dependence (C., Stelzer, and Stréh (2021))

f-lex weak dependence

{
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A novel notion of dependence (C., Stelzer, and Stréh (2021))

f-lex weak dependence

{

If the field E[|Z;|°] < oo for § > 1, then it is a more general
notion of dependence than

® a. 1-mixing defined for random fields,
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A novel notion of dependence (C., Stelzer, and Stréh (2021))

f-lex weak dependence

{

If the field E[|Z;|°] < oo for § > 1, then it is a more general
notion of dependence than

® a. 1-mixing defined for random fields,
e and a-mixing as defined for stochastic processes.
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A novel notion of dependence (C., Stelzer, and Stréh (2021))

f-lex weak dependence

{

If the field E[|Z;|°] < oo for § > 1, then it is a more general
notion of dependence than

® a. 1-mixing defined for random fields,
e and a-mixing as defined for stochastic processes.

Influenced mixed moving average (MMAF) are 0-lex weakly
dependent.
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Lexicographic order

e For distinct elements y = (1, ..., yq4) € RY and
z=(z,...,24) € R we say y <jex z if and only if y4 < z
oryp < zpforsome p € {2,...,d} and yq = zq4 for
g=1,....,p—1.

o Letj e R9 and h > 0, we define

th ={se RY:s <jex J and [|j — S|lc > h}.
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Definition (C., Stelzer and Stroh)

A random field Z = (Z;);erv is 6-lex-weakly dependent if

0(h) = supb,(h) — 0,
ueN h— oo

where

 (|CoUF(Zy,.... 2,). G(Z))
bulh) = S“"{ Fllp @)

JERY Ly, ... iy C VT :u},

where F is a bounded function and G a bounded and Lipschitz
function.
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CLT for MMAF (C., Stelzer and Str6h)
Let Z = (Z)cz0 be a stationary centered real-valued MMAF such

that E[|Z;/>™] < oo for some § > 0. Additionally, assume that
6(h) € O(h~*) with a > d(1 + %). Then
o =Y E[ZZ],
kezd
is finite, non-negative and
1

. 2
|Dy 2 22 22, MO,

j€Dn

where (D,)nen is a sequence of finite subsets of Z? such that

lim |Dp| =00 and lim 1950l _ 0.

n—so00 n— 00 ‘Dn| o






Present t=t,

Pastt<t,
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Pre-processing data

@ We define S = {(X;, Yi)}1Z1, where
)(i - L;(tj,)ﬁ), and )/I = Zf,'(xi)~
L, (%, x;) represents the past light cone of the point (f;, x;) € T x L and
is defined as the set of all points in the past (up to a finite horizon p) that
could possibly influence the value Z;(x;):
Ly (ti, xi) = {Z(X') : ti—p < tj < t;, X' € L such that ||x'—x|| < ¢ (t—1)},

for ¢ > 0.



Introduction Inference Predictions Appendix
0000 00000000000 00@00000000 0000

Pre-processing data

@ We define S = {(X;, Yi)}1Z1, where
)(i - L;(tj,)ﬁ), and )/I = Zf,'(xi)~

L, (%, x;) represents the past light cone of the point (f;, x;) € T x L and
is defined as the set of all points in the past (up to a finite horizon p) that
could possibly influence the value Z;(x;):

Ly (ti, xi) = {Z(X') : ti—p < tj < t;, X' € L such that ||x'—x|| < ¢ (t—1)},
forc > 0.

@ {(X;, Y} are assumed to be realization of identically distributed
random variables (X;, Y;)iZ; which are jointly P-distributed.
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Aim: Linear regression task

Target: Determine a linear regression algorithm for light cones data,
i.e., determining parameters 3 = (o, 31) € B such that we determine
a linear predictor

hs(X) = Bo + (81, X)
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Aim: Linear regression task

Target: Determine a linear regression algorithm for light cones data,
i.e., determining parameters 3 = (o, 31) € B such that we determine
a linear predictor

hs(X) = Bo + (81, X)

An algorithm that predicts, e.g. the color, in pixel positions
belonging to future images.
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Supervised Learning

e The goal of a learner is to find a predictor hz that minimizes the
generalization error (also known as theoretical risk)

R(B) = E[L(hs(X), Y],

where the loss function L is used to measure the discrepancy
between a predicted output hg(X) and the real output Y. This
quantity is unobserved because we do not know the underlying
distribution P of the data.

@ We then select a predictor by minimizing the empirical risk
1 m

r(8) = o 2 Lha(X), Y)).

i=1

o Generalization gap = R(3) — r(5).
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PAC ("Probably Approximately Correct") bounds for i.i.d. data

For all confidence parameters § € (0, 1), a generalization bound is
defined such that

P(V5 € B:R(B) <r(B)+e(B,md))=1-9,

where ¢(8, m, §) represents a measure of complexity and goes to zero
as m — oo.
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PAC ("Probably Approximately Correct") bounds for i.i.d. data

For all confidence parameters § € (0, 1), a generalization bound is
defined such that

P(VB e B:R(B) <r(B)+e(B,md))=1-4,
where ¢(8, m, §) represents a measure of complexity and goes to zero
as m — oo.
@ May be computed just by using the training data set;

@ Provide a computable control on the error on any unseen data
with a specified confidence;

e Algorithm:

~

B = arginf r(8) + (5, m.o)
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PAC (Generalized) Bayesian bounds for i.i.d data

Let (B, 7) a measurable space:
o Before seeing the data, fix a reference distribution 7 on B;

e Based on the data, learn a so called generalized distribution p
on B;
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PAC (Generalized) Bayesian bounds for i.i.d data
Let (B, 7) a measurable space:

o Before seeing the data, fix a reference distribution 7 on B;

e Based on the data, learn a so called generalized distribution p
on B;

P(voon(B.7): [ RO)dn(B) < [ 1(8)dn(s)+elpm.m.6)) = 1-5

Algorithm:

p= arginf / r(8) dp(B) + e(p. . m. &)
o
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PAC (Generalized) Bayesian bounds for i.i.d data
Let (B, 7) a measurable space:

o Before seeing the data, fix a reference distribution 7 on B;

e Based on the data, learn a so called generalized distribution p
on B;

P(voon(B.7): [ RO)dn(B) < [ 1(8)dn(s)+elpm.m.6)) = 1-5

Algorithm:

p= arginf / r(8) dp(B) + e(p. . m. &)
o

Predictions: Draw 3 ~ p and predict with the chosen 3.
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PAC Bayesian bound for light cones data (C. and Stroh, 2022)?

@ Sis an identically distributed data set generated by a 6-lex weakly
dependent random field with exponentially decaying coefficients
Oiex(h) < aexp(—c™ h) for ¢* > 0,

@ L“=LVveforO<e<3,

@ 7 be a distribution on B such that #[||31]|]] < oo, then for all (regular
conditional) distribution p such that p << ,

@ a€(0,1),
@ and KL represents the Kullback-Leibler divergence,
then for all 6 € (0,1) and all p

2([R@dns) < [ r'(9)dold) + (KLl +1og (5) + 5 (;_2 )

+ o ([ 12018+ Nadn(®)) =15

m?z

2This project is funded by the German Research Foundation, DFG GZ:CU
512/1-1
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Thank you very much
for your attention
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Ambit sets

Ai(x) € R x R? such that

Ai(x) = Ao(0) + (1, x), (Translation invariant)
As(x) C Ar(x),
Ai(x) N (t,00) x R? = . (Non-anticipative).

Appendix
0000
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Lévy Bases on R? with mixing parameter in R
The distribution of the Lévy basis is completely determined by the
characteristic quadruplet (v, X, v, 7). In particular,

E [e«u,A(B»} — ®N(B)

for all u € R and B € By(R x R?), where N = 7 x \ is the product measure
of the probability measure 7 on R and the Lebesgue measure X on R2.
Furthermore,

. 1 i .
o) =it,0) - 3o + [ (&4~ 1= i) Te (X)) v(c)
RA
is the cumulant transform of an ID distribution with characteristic triplet

(7, Z,v), where v € R?, © € Myxq(R) is a symmetric positive-semidefinite
matrix and v is a Lévy-measure on R, i.e.

»({0}) =0 and /]Rq (17 1P w0 < oo.
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Let Z;(x) be an MMAF driven by a Lévy basis with characteristic quadruplet
(v, Z,v,7) and with A-integrable kernel function f : R x R® — My 4(R).
o If IX||lv(dx) < coand f € L' (R x R%, 7 x A) N L2(R x R?, 7w x \)

[Ix|I>1
the first moment of X is given by

E[X] = / / f(A,t — s)urdsm(dA),

where pup = v + / x v(dx).

lIxf =1

° If/ Ix|2r(dx) < oo and f € L3(R x B2, 7 x A), then X; € L% and
RI
Var(X;) = // f(A, t — S)LAf(A, t — 8) dsn(dA) and
Cov(Xo, X;) = / / A, —$)SAf(A, t — 5) ds(dA),
Ao ()N A (x

where ¥ = ¥ +/ xx'v(dx).

RY
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Let us consider an MMAF

— (X)yege With Xy — / f(A, u — s)A(dA, ds)
such that E[Xo] = 0 and E[|| X;>™°] < oo for some § > 0.
Assume that X has n-coefficients satisfying nx(h) = O(h™"),
where 5 > d max (2, (1 + ;)) Then,
0 =" ElZZ,
kezd

is finite, positive semidefinite and

> Xy — N(0,52).

|Dn|2 ueDy, n—oo
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