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Study the dynamics of contagious diseases and their transmission with
respect to risk factors.

Attributable fraction for contagious diseases

@ Autoregressive models may be difficult to interpret in an
epidemiological context.

o Potentially rarely occurring events.

— Hawkes process (Meyer, Elias, and Hohle, 2012).

Problem: aggregate datasets
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Definition: Point process N on R
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Definition: Point process N on R
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Definition: Point process N on R

Measurable map NV:
N :(Q,F,P) = (M,N)
w— N(w,-)

where 91 is the set of locally finite counting measures on R.
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Hawkes process

Conditional intensity \* of point process NV

A*(t)dt is the conditional probability that there will be an atom of N
between ¢ and t + dt, given the realisations of N before ¢:

N (#)dt = P(N(dt) > 0 | {t;},¢; < t)

\

Linear Hawkes process on the real half-line (Hawkes, 1971)

Self-exciting point process defined by its conditional intensity function:
N(6) =n+ Y h(t—t))
t;<t

where 7, h are integrable nonnegative functions such that [h < 1, and
(tj)jen are realisations of the point process.

v

The occurrence of any event increases temporarily the probability of further
events occurring.
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Hawkes process

Linear Hawkes process on the real half-line

With exponentially decaying intensity:

() =n+ Z ae A=)

t;<t

Conditionnal intensity
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Hawkes process as a branching process
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Epidemiological interpretation

Basic reproduction number

Mean number of infections caused by an individual

p= /0 ~ ht)dt

=a/p for exponentially decaying intensity

Generations
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© Spectral estimation of Hawkes processes
@ The Bartlett spectrum
@ Whittle estimation method
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Problem: aggregate datasets
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Other approaches

o (Kirchner, 2016) Convergence of a well-defined INAR(o0) process to a
Hawkes process when the binsize converges to 0.

@ (Celeux, Chauveau, and Diebolt, 1995) Convergence of the Stochastic
EM algorithm?

v

Our approach inspired from (Adamopoulos, 1976; Roueff and Sachs, 2019):
Whittle likelihood for Hawkes bin-count sequences.
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|dea: spectral approach

Objective: Estimate § =
(n, h) from the count process
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|dea: spectral approach

Hawkes process with pa-
rameter 6 = (n,h)

Objective: Estimate § =
(n, h) from the count process
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|dea: spectral approach

Hawkes process with pa-
rameter 6 = (n,h)

Likelihood of the count
process is not tractable

Objective: Estimate § =
(n, h) from the count process
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|dea: spectral approach

Time domain Frequency domain

Hawkes process with pa-
rameter 6 = (n,h)

Likelihood of the count
process is not tractable

Objective: Estimate § =
(n, h) from the count process
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|dea: spectral approach

Time domain Frequency domain
Hawkes process with pa- Bartlett spectrum (Daley and
rameter 6 = (n,h) Vere-Jones, 2003, Section 8.2)
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Likelihood of the count
process is not tractable

Objective: Estimate § =
(n, h) from the count process
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|dea: spectral approach

Time domain Frequency domain
Hawkes process with pa- Bartlett spectrum (Daley and
rameter 6 = (n,h) Vere-Jones, 2003, Section 8.2)
Likelihood of the count Spectral aliasing

process is not tractable

!
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Objective: Estimate § =
(n, h) from the count process Spectral density function: fy

Felix Cheysson Whittle estimation for Hawkes processes EcoDep, 25-11-2020 12 /31



Spectral representation

Bartlett spectrum (Daley and Vere-Jones, 2003, Proposition 8.2.)

For a second-order stationary point process NV on R, then
Cov (N(p), V() = | B @ (o)

where ¢ and v are functions of rapid decay, w*(u) = ¢(—u), and ~ denotes
the Fourier transform: @(w) = [ €y
The unique measure I'(+) is caIIed the Bartlett spectrum of N.

For the stationary Hawkes process N, the Bartlett spectrum admits a
density given by (Daley and Vere-Jones, 2003, Example 8.2(e))

Yw) = 5= |1 = hw)|2

with m =E[N(0,1]] = n(1 — p)~L.
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Spectral representation of the bin-count process

Xy Xy

tA 1A ta (t+1)n

For the Hawkes bin-count process {X;}ier = {N(tA, (t + 1)A)},cp. the
spectral density is given by

fx,(w) = m Asinc? (%) ‘1 —h (%)‘_2

n=1,ht)=1e™

(o2}

Density
s

-2m -im on 1n 2n 3n
Frequency
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Spectral representation of the bin-count sequence

X i1

ko (k+1)A (k+2)A

For the bin-count sequence { X }rez = {N(kA, (k+ 1)A)} ez, the
spectral density is given by

Ix, (w Zth (w + 2kT)

keZ

n =1, h(t) = 1e”* with aliasing (red)

(o2}

Density

=31 =21 -1m on
Frequency
Felix Cheysson
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The Whittle likelihood (Whittle, 1952)

Consider a bin-count sequence (X}) with spectral density fy. Define

§n = argmin £, (6)
0O

where L£,,(0) is the log-spectral likelihood of the process

i & (i )

I,(w) is the periodogram of (Xj).

Asymptotic properties for Z)\n
@ For Gaussian* processes (Whittle, 1953);
@ For linear processes (Hosoya, 1974; Dzhaparidze, 1974);

@ For strongly mixing processes (Dzhaparidze, 1986).
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© Strong mixing properties for Hawkes processes
@ Definitions
@ Strong mixing condition
@ Consequences for Whittle estimation
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Weak dependence for time series and random fields

@ Rosenblatt’s strong-mixing coefficient (1956), to measure the
dependence between o-algebras:

a(A, B) == sup{ [P(AN B) —P(A)P(B)|: A€ A, B € B}.

e Strong mixing coefficient for a time series (Xj)rez :

ax(r) =sup a(ffoo, ,Sir), where fé’za(Xk,aSka).

kEZ
I L
e yp 2L LSS ST T2

@ Provides strong moment inequalities (Doukhan, 1994; Rio, 2017),

provided the coefficient decreases fast enough.
@ Other existing mixing coefficients, notably the absolute regularity

mixing coefficients.
o Easily computed for (functions of) Markov processes.

See (Bradley, 2005) for a short review of mixing conditions for time series.

EcoDep, 25-11-2020 18 /31
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Mixing properties for point processes

Define, for a Borel set A € R, the cylindrical o-algebra generated by a
point process IV on A:

E(A) == o({N € M: N(B) = m}, B € B(A), m € N).

Strong mixing coefficient for a point process N (Westcott, 1972)

Dependence between past and future events:

an(r) =sup (€, E%,) where £ = £ ((a,b]).
teR

e Poisson cluster processes are mixing (Westcott, 1971).

@ Recent applications of mixing coefficients for point processes (Heinrich
and Pawlas, 2013; Poinas, Delyon, and Lavancier, 2019).
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Strong mixing properties for Hawkes processes

Theorem

Let N be a stationary Hawkes process on R with reproduction function
h = ph*, = [p h. Suppose that there exists a § > 0 such that the
reproduction kernel h* has a finite moment of order 1 + 6:

Vigs = / ' FOR* (t)dt < oo.
R

Then N is strongly mixing and

any(r)=0 (r_6) .
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|deas of the proof

We need to bound

an(r) =sup (€L o, EX,) =sup sup |COV(ILA(N), 13(N))
teR teR Aest
Beggs,

)

where 1 4(V) is the indicator function of the cylinder set A, i.e. for an
elementary cylinder set Ag ,, = {N € M: N(B) = m},

IAB,m(N)z{l if N(B) =m,

0 otherwise.
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|deas of the proof (cont'd)

an(r) =sup sup |C0V(ILA(N), HB(N))‘ (1)
teR Aegt
Bee,

1. Control (1) by the covariance of counts.
o Hawkes processes are infinitely divisible (Gao and Zhu, 2018, Section
2.1, key property (e));
o They are positively associated (Evans, 1990, Theorem 1.1);
o Use of Theorem 2.5 from (Poinas, Delyon, and Lavancier, 2019).
2. Rescale to a single branching process by conditioning on the
immigrant process.
3. Control the covariance of counts of a single branching process.
e Almost sure extinction of the subcritical Galton-Watson tree;
o Finite moments for the reproduction kernel.

4. Integrate back with respect to the immigrant process.
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Asymptotic properties of the Whittle estimator

Direct application of (Dzhaparidze, 1986, Theorem 11.7.1).

Let (Xi)kez = (N(k, k + 1Dk:eZ be the bin-count sequences of a
stationary Hawkes process, with spectral density function fy. Assume the
following regularity conditions on fy:
(A1) The true value 6y belongs to a compact set © C RP.
(A2) For all 81 # 60 in O, then fy, # fp, for almost all w.
(A3) The function f, ' is differentiable with respect to 6 and its derivatives
(8/06y,) f, " are continuous in § € © and —7 < w < .
Further assume that there exists a & > 0 such that the reproduction kernel
h* has a finite moment of order 2 + §. Then the estimator 0,, is consistent,
ie. @\n — B in probability.

V.
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Asymptotic properties (cont'd)

Direct application of (Dzhaparidze, 1986, Theorem 11.7.2).

Asymptotic normality

Let (Xi)kez = (N(k, k + 1])k€Z be the bin-count sequences of a

stationary Hawkes process, with spectral density function fy. Assume

conditions (A1), (A2), (A3) and:

(A4) The function fy is twice differentiable with respect to 6 and its second
derivatives (0%/00,,00,) fy are continuous in § € © and —7 < w < 7.

Then the estimator 6,, is asymptotically normal and

2@, — ) ~ N (0, T, + r;()104,90r;)1) .

n—00
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@ Simulation- and case-study
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Simulation for the Whittle estimator
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Simulation f

Mean Square Error

the Whittle estimator
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Case-study: transmission of Measles in Tokyo?
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Date

Gaussian reproduction kernel: h*(t) = m}% exp (—(t;/f)

e U = 9.8 days,c = 5.9 days

Epidemiology (Centers for Disease Control and Prevention, 2015)

Incubation period: 10-12 days after exposure.

Transmission period: 4 days before to 4 days after rash onset.

https://www.niid.go.jp/niid /en/survaillance-data-table-english.htm|
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© Conclusion and perspectives
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Conclusion

@ Good asymptotic properties, similar to maximum likelihood estimation;
o Easy to implement and flexible, only need to input R

e Computationally efficient : O(nlogn) instead of O(n?) for maximum
likelihood.

Simulation and estimation methods implemented in R package
hawkesbow.?

Extensions

@ Non causal Hawkes processes.

e Multivariate Hawkes processes (work in progress with Ousmane
Boly, Thi Hien Nguyen and Paul Doukhan):

o Exponential inequalities for multitype Galton-Watson trees.

o Multivariate Bartlett spectrum (Daley and Vere-Jones, 2003, Example
8.3(c));

2https://github.com /fcheysson/hawkesbow
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@ Non-stationary Hawkes processes: allow all parameters to vary with
time and be dependent on explanatory variables;

@ Transient explosivity: allow 1 to temporarily be higher than 1.

@ Spatial dimension: irregular partitioning of areal zones.
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Simulate Hawkes in R (Ogata, 1981)

sim <- hawkes(T=10, fun=1, repr=1, family=’’exp’’, rate=2)
plot(sim, intensity = TRUE)
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Simulate Hawkes with inhomogeneous background intensity

in R (Mgller and Rasmussen, 2005; Dassios and Zhao, 2013)

int <- function(t) exp(.5*cos(2*pi*t/5)+.3*sin(2*pix*t/5))
sim <- hawkes(T=10, fun=int, M=2, repr=1, family=’’exp’’, rate:
plot(sim$immigrants)

plot(sim)
N T— )
— M
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Pareto kernel, v =3
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Pareto kernel, v =3
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Pareto kernel, v = 2
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Pareto kernel, v = 2
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Pareto kernel, v =1

n=1, 1=0.5, ht) = 1(1/3)'t 2 on (0,T) | true values are crosses

binsize = 0.25 binsize = 0.5 binsize = 1 binsize = 2
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Pareto kernel, v =1
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