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THE DENSITY SUPPORT ESTIMATION PROBLEM
STATE OF THE ART

TOPIC OF THIS STUDY
PROBLEM

Let X = (X¢)tez be a strictly stationary process with marginal density
f :RY = R and nonempty compact support

S = {xz, f(z) > 0}.

m To estimate S and particular characteristics of the set such as its
boundary, its volume and its perimeter, based on a n-sample
X, = (X1,...,X,) C R of X.

m Applications to ecology : estimating the home-range of species
based on the observation of the spatial distribution of species or the
movement of one or more representative members is a central
problem extensively studied in the literature (Getz & al., 2004)

— X, C R? is the position of a member of a spieces. The
home-range corresponds to S.
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THE DENSITY SUPPORT ESTIMATION PROBLEM

STATE OF THE ART
TOPIC OF THIS STUDY

STATE OF THE ART FOR I.I.D. SAMPLES

Support estimation (and related quantities) is a well studied problem when X,, is an
i.i.d. sample.

Devroye-Wise historical estimator (Cuevas & Rodriguez-Casal, 2004, Devroye & Wise,
1980). Built by means of a smoothed version of the sample ; no shape
assumptions made on S ; has universal properties but non-optimal rates.

— Shape restrictions must be imposed on S to obtain efficient solutions.

Convex hull of the sample (Diimbgen and Walther, 1996) - achieves optimal rates
when S is convex.

— Convexity is too restrictive.

R-convex hull (Aaron & al., 2022, Arias-Castro & al., 2016, Rodriguez-Casal, 2007,
Rodriguez-Casal & al., 2022, Walther, 1997). Allows to handle a larger family of sets;
nearly optimal for some sufficiently smooth sets.

Other estimators of S have also been proposed (Aaron & al., 2016, Hardle & al., 1996)
exploiting other shape restrictions (local convex hull, a-shape, positive reach, ...)
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THE DENSITY SUPPORT ESTIMATION PROBLEM o
STATE OF THE ART

ToPIC OF THIS STUDY

GENERALIZATIONS TO DEPENDENT SETTINGS

= In real life applications, the independence of the sample is generally unrealistic.
This is the case for instance if a member is observed via GPS or if the sample
consists of the trajectory of one or more members observed over a given time
period.

m Set estimation under dependence has been little studied.
e Some works (Cholaquidis & al., 2014, 2023) consider continuous time trajectories of a
reflected Brownian motion.
e A recent work (Kallel & Louhichi, 2023) consider the reconstruction of density supports of

dependent stationary R%-valued random processes with the use of the Devroye-Wise estimator.

m Aim of the study: To extend estimation results (obtain explicit convergence
rates) on the R-convex hull of the points of an i.i.d. sample to a dependent
setting.

— X, is a n—sample from a strictly stationary process X with some kind of
weak dependence condition - X strongly mixing or 6-weakly dependent
(incidently, we also consider negative association and m-dependence).
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i DEFINITIONS AND PROPERTIES
THE R-CONVEX HULL OF A SAMPLE

ASYMPTOTIC RESULTS FOR THE R-CONVEX HULL OF AN L.I.D.

R-CONVEX SET AND R-CONVEX HULL

DEFINITION (R—C()N\/FJX HULL)

The R-convex hull of a set S is defined as the intersection of the complement of all
open balls of radius R not meeting S':

c

Cr(S) = U B@nR

B(z,R)NS=0

where A° and A denote the complementary and interior of A.

DEFINITION (R—CONVEX SET) e Q
S C R? is R-convex <= S = CRr(S)
Fig. 1: R-convex set. Ball has radius R
PROPERTIES

m A compact set S is R-convex if for every x € S¢, there exists an open ball B(y, R) C S¢ such
that x € B(y, ).

Convex sets are R-convex, for any R > 0. s Forall R <R, CRr/(S) C Cr(9),
The R-convex hull of S is the smallest R-convex set limp 0o CR(S) = Coo(8) = H(5).
that contains S.

m Forall S’ C S, Cr(S’) C CRr(S). 5/23
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ASYMPTOTIC RESULTS FOR THE R-CONVEX HULL OF AN I.1.D.

THE R-CONVEX HULL OF A SAMPLE

DEFINITION (R—CON\/F}X HULL ESTIMATOR )

Let X, be a random sample with density f and support S. The R-convex hull of the
sample is defined by

Sy = CR(X’"«)?

Heuristic justification: If S is regular enough, Cr(S) ~ S so that a natural estimator
of S is Sp.

* m Sy, is the smallest R-convex
set containing Xy,.

05

m Its computation of is totally
data-driven
(alphahull package in R for d = 2;

0.0

no efficient algorithm in higher

dimension.)

Figure 2: In solid red line the r-convex hull of a sample of 100 uniformly

distributed random vectors in [0, 1]2. At left r = 0.15, while at right r = 0.2.
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DEFINITIONS AND PROPERTIES

THE R-CONVEX HULL OF A SAMPLE
ASYMPTOTIC RESULTS FOR THE R-CONVEX HULL OF AN IL.I.D.

THE HAUSDORFF DISTANCE AS A MEASURE OF CONVERGENCE BETWEEN SETS

The Hausdorff distance measures the proximity of two compact sets E and F of R%.
dy(E, F) = max (sup d(a, F),supd (b, E)) ,
acE beF

where for each z € R? d (z, E) = minyep ||z — y||%, and || - || is a norm on R4,
Problem: We ask that dg (.S, §n) — 0, but this convergence is not sufficient in
general to ensure that S, performs well.

Figure 1.7: In green A = B(0,1). In red a set C, visually close to A. Although both sets are
close in terms of the Hausdorff distance, their shapes are quite different.

Here, d (A, C) is close to zero, even though both sets are not similar. If we are
concern not only about the proximity of the sets, but also about the shape similarity,
we should ask the estimator to satisfy both

di(S,8n) = 0, dy (85,08,) >0  8S = boundary of S.
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PREVIOUS ASYMPTOTIC RESULTS FOR THE R-CONVEX HULL OF AN I.I.D. SAMPLE (1)

DEFINITION (FRF‘F‘ ROLLING BALL (JONDITIONS)

s A compact set S C R? is said to satisfy the outer \-rolling condition if for each
boundary point s € 0S there exists an x € S¢ such that B(z,\) N 9S = {s}.

m A compact set S is said to satisfy the inner A-rolling condition if S¢ satisfies the
outer \-rolling condition.
If S satisfies the inner (resp. outer) rolling ball condition, we say that a ball of radius
A > 0 rolls freely inside (resp. outside) S.
NB: R-convexity entails the outer R-rolling ball condition.

ASSUMPTIONS
m (A1) "close to uniform" hypothesis : f is bounded (in S) from below by a
positive constant.

m (A2) Free rolling ball condition: A ball of radius X > 0 rolls freely inside S and

S¢, forall 0 < A < R.
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THE R-CONVEX HULL OF A SAMPLE
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PREVIOUS ASYMPTOTIC RESULTS FOR THE R-CONVEX HULL OF AN I.I.D. SAMPLE (2)

THEOREM (THEOREM 3 or RopricuEz-CasaL (2007))

If S is a nonempty compact and that (A1) and (A2) are satisfied, then with
probability one,

2 2
dr(S,8,) = O (loﬂ) T . du(88,08,) = O (bﬂ) 1

n n

Therefore, although the family of R-convex sets is much wider than the family of
convex sets, Sy, achieves the same convergence rate as the convex hull of X,, in the
convex case.

Functionals of the R-convex hull may also be used to estimate related quantities such
as the boundary, the volume (Arias-Castro & al., 2016, Baldin, 2017) and the perimeter
(Aaron & al., 2022) of S.
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THE R-CONVEX HULL OF A SAMPLE

PREVIOUS ASYMPTOTIC RESULTS FOR THE R-CONVEX HULL OF AN I.I.D. SAMPLE

Comments on the assumptions:

(A1) prevents the set S from having holes and being too spiky.

(A2) implies that S and S° are R-convex. It allows S and its boundary
05 to be sufficiently smooth. Note that, by merely assuming
R-convexity, we cannot ensure that the boundary of the set is smooth. If
S is only R-convex the convergence occurs at the rate 1/d for S,,.
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DEFINITIONS AND PROPERTIES
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ASYMPTOTIC RESULTS FOR THE R-CONVEX HULL OF AN IL.I.D.

A NEw REsuLT (1)

Hereafter, we relax conditions (A1) and (A2) to more general ones

ASSUMPTIONS
m (A'l) : The density f satisfies

3f0>0,a>0, f(z) > fod(z,08)%, VzeS.

This condition ensures that f is regularly enough to ensure a non-sharp
boundary. The special case oo = 0 corresponds to (Al).

m (A'2) : S fulfills the \o-outer and the \;-inner rolling ball conditions.

m Notation : We denote by |S|4 and |8S|4—1 the d-dimensional volume (volume)
and the perimeter of S ((d — 1)-dimensional volume of 95).
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DEFINITIONS AND PROPERTIES

THE R-CONVEX HULL OF A SAMPLE
ASYMPTOTIC RESULTS FOR THE R-CONVEX HULL OF AN IL.I.D.

A NEW RESULT (2)

THEOREM 1 (TIIEORL‘M 1 or AaroN, Douknan, ReEBouL, 2024)

Let X, be an i.i.d. n—sample with density f and non empty compact support S.
Assume that f satisfies (A'1) and S satisfies (A'2) for some Ao, A; > 0. Let R < Xo.
Thus, there exists a constant A(d, o, fo, R, \;) such that for n large enough, one has
with probability 1

drr (85, 88) = O(en), dr(Sn, S) = O(en), (1)
108n]a—1 = 18Sla—1]| = Olen), [ISnla — IS]a] = O(en), (2)

with

2
1 dFif2a
en = A(dy 1, fo, R, \i) (—“”) o
n

Theorem 1 highlights that
m As « goes to infinity, the rate becomes worse (the average number of
observations near the boundary decreases).
m Moreover, the result highlight the different roles of the outside and inside radius
Ao and \;: R must be less than )\, in order to achieve the convergence and the
convergence depends on \; via the constant.
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NEGATIVE ASSOCIATION AND mM-DEPENDENCE

STRONG MIXING AND O-WEAK DEPENDENCE
ASYMPTOTIC RESULTS IN SOME WEAK DEPENDENT SETTINGS

SETTINGS

Hereafter we provide convergence rates that generalize to a dependent
framework the previous works on the R-convex hull. We consider several
contexts of dependence

Negatively associated sequences

m m-dependent sequences

Strongly mixing sequences

f-weakly dependent sequences.
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NEGATIVE ASSOCIATION AND mM-DEPENDENCE
STRONG MIXING AND 6-WEAK DEPENDENCE
ASYMPTOTIC RESULTS IN SOME WEAK DEPENDENT SETTINGS

CONVERGENCE RATES FOR THE R-CONVEX HULL OF NEGATIVELY ASSOCIATED OR

M-DEPENDENT SEQUENCES

m Negative association: A finite family of random variables X,, is said to be
negatively associated if, for any two disjoint nonempty subsets A1 and A2 of
{1,2,...,n}, the following inequality holds:

cov(f1(Xs, i € A1), f2(Xj, j € A2)) <0,

where f1 and fo are any two coordinatewise nondecreasing or nonincreasing
functions, whenever the covariance is finite.

m m-dependence: A strictly stationary process X is said to be m-dependent,
m € N*, if for each t, (Xs)s<t and (Xs)s>t4m-

THEOREM 2 (PROPOSITION 3 or AaroN, DouknaN, REBouL, 2024)

Let X,, be a n-sample of a negatively associated or m—dependent sequence

X = (X¢t)tez with marginal density f and non empty compact support S. Assume
that f satisfies (A'1) and S satisfies (A'2) for some Ao, A\; > 0. Let R < Xo.Then the
conclusions of Theorem 1 hold.
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NEGATIVE ASSOCIATION AND m-DEPENDENCE
STRONG MIXING AND @-WEAK DEPENDENCE

STRONG MIXING (ROSENBLATT, 1956)

Let X be a strictly stationary process. Set

,P:O'(Xt,tgo), FZO'(Xt7t>’l").

a(r)= sup |P(ANB)—-P(A)P(B)|.
A€P,BeF

X is strongly mixing <= «a(r) — 0 as r — +o0.

m Ex : ARMA models with continuous innovations.
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NEGATIVE ASSOCIATION AND m-DEPENDENCE

PROBLEM . )
STRONG MIXING AND @-WEAK DEPENDENCE

A SAMPLE

['HE DENSITY SUPPORT ESTIMATION
THE R-CONVEX HULL OF

ASYMPTOTIC RESULTS IN SOME WEAK DEPENDENT SETTINGS

0-DEPENDENCE (DoukHAN & Lounichi, 1999)

P=Xi,. ... Xi, F=Xj,..., X, ji—tu=r
A€oa(P),Bea(F), P(ANB) =P(A)P(B) < cov(f(P),g(F)) =0, [[fllo <1, [lgllo <1

Def : Lipschitz modulus of g : RV — R :

loe) = 9w)l ||x||1—Z|xz|

Lip(g) = sup ~————=
ey Nz =yl
X is 6-weakly dependent <= |cov(f(P),g(F))| < vLip(g)0(r),
O(r) — 0 as r — +oo.
I flloo <1, llglloo < 1, Lip(g) < oc.
= Ex : ARMA models with discrete innovations.
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CONVERGENCE RATES FOR THE R-CONVEX HULL OF STRONGLY MIXING OR O-WEAKLY

DEPENDENT SEQUENCES

THEOREM 3 (THEOREM 2 or AaroN, DouknaN, ReEBouL, 2024)

Let X,, be be a n—sample of a strictly stationary process X with marginal density f and non empty
compact support S. Assume that f satisfies (A'1) and S satisfies (A’2) for some for some X\,, A\; > 0.
Let R < X\,. Assume that X is strongly mixing or 0-weakly dependent.

m If the sequence of dependence coefficients of X has an exponential decay rate a(q) < Bb~ 9, or
0(q) < Bb™ 9, for some b < 1, Equations (1) and (2) of Theorem 1 are satisfied with

s

2
In2n\ dFit2a
en = A(d, a, fo, R, A, b)
where the constant A(d, o, fo, R, \;, b) is explicit.

m If the sequence of dependence coefficients of X has a polynomial decay rate o.(q) < qub or
6(q) < Bq~ b withb > bo, Equations (1) and (2) of Theorem 1 are satisfied with

2

In®n | dfi+2a

En = I .
nt—7%

Explicit values of by, a and ~ are given in each case (a-mixing and 6-dependence).
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CONVERGENCE RATES FOR THE R-CONVEX HULL OF STRONGLY MIXING OR O-WEAKLY

DEPENDENT SEQUENCES

Theorem 3 highlights that

= In every cases, as a goes to infinity, the rate becomes worse.

= In the exponential decay case, the estimation error achieves, up to an additional
power of Inn, the same rate than in the independent setting whatever the
dependence structure is (strong mixing or 6-weak dependence). The dependence
structure only impacts constants.

= In the polynomial decay case, the loss in convergence rate with respect to the
independent case is of the order of an additional power of n. Moreover, contrary
to the exponential decay case, both the error and the loss depend on the
dependence structure.
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KEY ARGUMENTS FOR THE PROOFS OF THEOREMS

Geometric and deterministic arguments (Corollary 1 of Aaron, Doukhan, Reboul, 2024) allow to prove
that
If S satisfies (A’2), R € (0, Rg) and there exists a sequence (&4,) such that

oo
Z pn < o0, with p, = ]P’(EI O, d(0,S) < R—ep and B(O, R)NX,, = (Z)), then (1) obtains.
=1

Moreover, if dy (X;,, S) — 0 and (A1) holds then (2) obtains.
The proof of both items above reduces in bounding terms of the form
P(Ejn NXp =0), (3)

where E; ,, consist in balls or intersections of balls.

For instance, for the first item, we can show that

vn .
pn < D P(Bin NXp =0), Eim:B<oi,R—ﬁ),Vn>o,z‘e 1, vl

i=1

Finding a upper bound for (3) is the main argument of the proofs and depends on the dependence

structure of the underlying process X.
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KEY ARGUMENTS FOR THE PROOFS OF THEOREMS

m Independence setting
Let E be a measurable subset of R? with P(X € E) = p > 0. If X, is an i.i.d. sample, then

PXpNE=0)=1-p". (4)

If X is a negatively associated or m —dependent or is a geometrically ergodic Markov chain,
Equation (4) still holds (Proposition 3 of the paper).

m Dependence setting
Relaxing the independence assumption leads to a weaker version of Equation (4). Indeed, let X,,

is an n-sample from a strictly stationary process X, let E be a measurable subset of R? with
P(X¢ € E) = p > 0, we have explicit values of £ (q) such that for each ¢ € Nwith 1 < g <n
we have

Eg(q)
p

BX, NE=0)<(1-p)4 + (5)

for several dependence structures and for the cases of sets E of interest.

For the proof of item 1, these inequalities allow to reduce the problem of bounding P (E,-,n NX, = Q))

to bound P(E; ,,) uniformly with respect to i € [1, vy,], which is done using (A’1) and (A’2). We thus
=

can exhibit a sequence (g,,) such that Z pn < 00.

n=1
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NEGATIVE ASSOCIATION AND m-DEPENDENCE
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KEY ARGUMENTS FOR THE PROOFS OF THEOREMS

ProrosiTiON (PROI’OSITION 1 orF AaroN, DoukHaN, REBouL, 2024)

Let X = (Xt)¢ez be a stationary strongly mixing sequence with mixing coefficients (a(q))q>0- Let

E C R? be an arbitrary measurable set such that P(X; € E) = p > 0. Then (5) holds for each
1< g <nwithEg(q) = a(q).

ProrosiTioN (PROI’OSI’I‘IO.\I 2 oF AARrRoON, DoukHAN, REBouL, 2024)

Let X = (X¢)ecyz be a stationary 0 —weakly dependent sequence with dependence coefficients
(0(q))g>0. We set wy the volume of B(0,1) C RY and o4 the surface of its boundary.

For E = B(x, ), then there exists ¢ > 0 such that (5) holds with

)
£p(a) < inf (@

d__d—1
2 . 6
5 + cwg2er ) (6)

For E = B(z,ry) N B(y,ry) with ry +1ry — ||z — y|| = £, and £ < v A 1y, then there exists
¢ > 0 such that (5) holds with

—1

+ev te)),v Le) ~ 4 C2rary )2 @

£n(a) < 20(a)

inf (
e€(0,2/2)
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PERSPECTIVES : DATA-DRIVEN SELECTION OF R

Despite of its good properties, §n presents an important disadvantage in practice: it depends on the
commonly unknown parameter R. The influence of R can be considerable.

Example of invasive species in Azorean islands (Rodriguez-Casal & al., 2022). Estimation of its extent of
occurrence (EOO). EOO is one of the most widely handled concepts in natural reserve network designs .
The International Union for the Conservation of Nature establishes the EOO as a key measure of
extinction risk.

D

Fig. 2: sample of 740 locations in two Azorean islands. In the first row,
H (X740) (left) and Co.03(X740) (right). In the second row,
Co.3(X740) (left) and C5(X740) (right)

Arbitrary choices of R may provide incongruous EOO estimations: small values of R provide fragmented
estimators (many isolated points and connected components (first row, right). For intermediate value of
R, a realistic reconstruction of the EOO is obtained since sea areas are not inside the estimator (second
row, left). However, if large values of R are considered, then C.(X;,) basically coincides with H (X,,)
(second row, right).

In the i.i.d. case, Rodriguez-Casal & al. (2016) and Rodriguez-Casal & al. (2022) propose methods of
selection of R, which cannot be easily transposed to a dependent setting.
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