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Motivation

• A great challenge that frequently arises in practice when analyzing time series
data is to know how to proceed when the series has incomplete information,
such as when the observed values are not completely available.

• In the context of linear regression models with autoregressive errors and
incomplete data, a routine assumption is to consider that innovations follow a
normal distribution.
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Motivation

• However, it is well known that the normality assumption is not always
appropriate, especially when the data have outliers or heavy tails.

• An alternative is to consider a more �exible class of distributions for the error
term, such as the Student-t one. As for example Lin and Lee (2007) and more
recently, Liu, Kumar e Palomar (2019), Garay et al. (2020), among others.

• However, there is a lack of studies which take into account, simultaneously,
incomplete information (censoring and/or missing values) and innovations
modeled by a �exible class of distributions, such as, the class of scale mixture of
normal (SMN) distributions.
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Introduction

Main objective

We propose the linear regression model with autoregressive errors of order p and
incomplete information, based on the SMN class of distributions, denoted by
SMN-ILR-AR(p) model.
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Source of incomplete data

We are interested in two situations:

Censored cases

Occurs when some information of the response are not completely available, but the
regressive variables for these observations are completely known.

Missing cases

In this situation, we the realization yt may be missing, i.e., yt = NA (not available).
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Scale Mixtures of Normal distributions (SMN)

η = µ+ U−1/2Z ,

• U and Z are independents.

• Z ∼ N(0, σ2).

• U is a positive random variable with cdf H(·;ν) (pdf h(·;ν)).
• Notation: η ∼ SMN(µ, σ2;H).
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Examples of SMN distributions

• Student-t distribution: η ∼ T (µ, σ2, ν), U ∼ Gamma(ν/2, ν/2).

f (η|σ; ν) =
Γ( ν+1

2
)

Γ( ν
2
)(νπσ)1/2

(
1+

η2

νσ2

)− ν+1
2

.

• Slash distribution: η ∼ SL(µ, σ2, ν),U ∼ Beta(ν, 1).

f (η|σ; ν) = ν1/2
∫ 1

0

uν−1

(2πσ2)1/2
exp

{
−
uη2

2σ2

}
du.

• Contaminated normal distribution: η ∼ CN(µ, σ2, ν, γ), U is a dichotomous
random variable with: P(U = δ) = ξ and P(U = 1) = 1− ξ.

f (η|σ; δ, ξ) = ξg
(
η|0, δ−1σ2

)
+ (1− ξ)g

(
η|0, σ2

)
.

where g denote the density of normal distribution, with δ and ξ ∈ (0, 1).
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SMN-ILR-AR(p) model

Model formulation

Consider the linear regression model with autocorrelated symmetrical errors:

Yt = x⊤t β + εt , t = 1, 2, . . . ,T ,

εt =

p∑
k=1

ϕkεt−k + ηt , ηt ∼ SMN(0, σ2, ν).
(1)

The model can be rewritten as

Yt = x⊤t β +

p∑
k=1

ϕk (Yt−k − x⊤t−kβ) + ηt . (2)
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SMN-ILR-AR(p) model

Incomplete data

• Censored cases: (Left censored)

Yobst =

{
κt if Yt ≤ κt ,
Yt if Yt > κt ,

(3)

• Missing cases

y1, . . . , yt1 ,

n1︷ ︸︸ ︷
NA, . . . ,NA, yt1+n1+1, . . . , ytd ,

nd︷ ︸︸ ︷
NA, . . . ,NA,

ytd+nd+1, . . . , ytD ,NA, . . . ,NA︸ ︷︷ ︸
nD

, ytD+nD+1, . . . , yT .
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SMN-ILR-AR(p) model

The likelihood function

Let θ =
(
β⊤, σ2,ϕ,ν

)⊤
the parameters of the SMN-ILR-AR(p) model and

X =
(
X⊤
1 , . . . ,X⊤

n+p

)
the covariates, with y = (yt , p + 1 ⩽ t ⩽ n), yo = (yt , t ∈ Co),

yc = (yt , t ∈ C c ) and ym = (yt , t ∈ Cm):

f (yobs |θ) ∝
∫

f (yo , yc , ym|θ)dym

∝
∫ 

n∏
t=p+1

fSMN

(
yt |µ∗

t , σ
2;ν
)1−Iyc (yt ) FSMN

(
κt − µ∗

t

σ

)Iyc (yt )
 dym,

{Yt |yt−1, . . . , yt−p ,θ} follows a SMN distribution and µ∗
t = x⊤t β −

∑p
i=1 ϕi ϵt−i .
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SMN-ILR-AR(p) model

Main results

Two important results developed by Liu et al. (2019) related to the set of M missing
blocks ym =

(
y(1), . . . , y(M)

)
with y(k) =

{
ysk+1, . . . ,Ysk+mk

}
, in the context of the

N-ILR-AR(p) model.

(1) Given {yobs ,θ}, the missing blocks ym are independent, i.e.,

f (ym|yobs ,θ) =
M∏

k=1

f
(
y(k)|yobs ,θ

)
. (4)

(2) The distribution of the kth missing block y(k), given {yobs ,θ), depends on the
observed values yobs only through the last p data y(sk−p) =

{
ysk−1, . . . , ysk−p

}
and the next p observation y(sk+mk+p) =

{
ysk+mk+1, . . . , ysk+mk+p

}
.
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Bayesian estimation

Prior speci�cation

Let θ =
(
β⊤, σ2,ϕ,ν

)⊤
and suppose independent priors:

π (θ) = π
(
β⊤
)
π
(
σ2
)
π (ν)

p∏
i=1

π (ϕi ) .

• β ∼ Nl

(
b0, Sβ

)
.

• Considering the reparameterization of ϕ, used by Lin and Lee (2007), i.e.:
γi ∼ U (−1; 1) for i = 1, . . . , p.

• For the scale parameter, we adopt the hierarchical prior
σ−2|η2 ∼ Gamma(η1, η2) and η2 ∼ Gamma(e1, e2).

• For the ν parameter, we use the priors suggested by Celso et. al.(2012), that is:

a) For the Student-t and slash distributions: ν|λ ∼ Exp (λ) and
λ ∼ U (c, d) .

b) For the contaminated normal distribution: ν = (δ, ξ)⊤, such as
δ ∼ Beta(δ0, δ1) and ξ ∼ Beta(ξ0, ξ1).
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MCMC Algorithm

◦ Step 1. For each one of M missing blocks ym =
(
y(1), . . . , y(M)

)
, with

y(k) =
{
ysk+1, . . . ,Ysk+mk

}
, we generate y(∗k), for k = 1, 2, . . .M,

independently of π(y(k)|y(sk−p), y(sk+mk+p), u,θ), given by:

Nmk

(
µ∗

mk
,Σ∗

mk

)
,

µ∗
mk

= µmk +Σmk×p (Σp×p)
−1 (y(sk+mk+p) − µp

)
Σ∗

mk
= Σmk×mk −Σmk×p (Σp×p)

−1 Σp×mk .

◦ Step 2. For the nc censored observations, sample y∗c = (y∗c
t , t ∈ Cc )

independently from the truncated normal distribution

TNA

X⊤
t β +

p∑
j=1

ϕj

(
yt−j − X⊤

t−jβ
)
,
σ2

ut

 ,

with A = (−∞, κt ].

After Steps 1-2, the new y∗ = vec (yo , y∗c , y∗m) represents the observed values yo and

the sample generated for the nc censored cases and
∑M

k=1mk missing values.
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MCMC Algorithm

◦ Step 3. Sample ut , for t = p + 1, . . . , n from π(ut |y∗(t−p)
,β, σ2,ϕ, y):

1 for the Student-t case,

Gamma

(
y+ 1

2
,
(y∗t − µ∗

t )
2

2σ2
+

y

2

)
;

2 for the slash case,

TGamma⌊0,1⌋

(
y+

1

2
,
(y∗t − µ∗

t )
2

2σ2
+

y

2

)
.

3 for the contaminated normal case, a discrete distribution taking values δ

and 1 with probabilities
p∗1

p∗
1
+p∗

2

and
p∗2

p∗
1
+p∗

2

respectively.

◦ Step 4. Sample β from π(β|y∗, u, σ2,ϕ, y), given by:

Nl

(
A−1
β Bβ ,A

−1
β

)
,

Aβ =
n∑

t=p+1

ut

σ2

X
⊤
t −

p∑
k=1

ϕkX
⊤
t−k

2

+ S
−1

β and Bβ =
n∑

t=p+1

Ztut

σ2

X
⊤
t −

p∑
k=1

ϕkX
⊤
t−k

 + S
−1

β b0,
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MCMC Algorithm

◦ Step 5. For the scale parameter, we use:

(i) Sample η2 from π(η2|σ−2), which is Gamma
(
η1 + e1,

1
σ2

+ e2
)
.

(ii) Sample σ−2 from π(σ−2|y∗, u,β,ϕ, y, η2), which is

Gamma

n − p

2
+ η1,

n∑
t=p+1

ut

2
(y∗

t − µ∗
t )

2 + η2

 .

◦ Step 6. For ϕ we use the same strategy suggested by Lin and Lee (2007)

(a) transform γ = (γ1, . . . , γp)
⊤ to γ∗ =

(
γ∗
1 , . . . , γ

∗
p

)⊤ ∈ Rp , with

γ
∗
i = log

{
1 + γi

1 − γi

}
, for i = 1, . . . , p.

(b) using a M-H path, sample γ∗ from the marginal conditional distribution.

(c) Having obtained γ∗ from the M-H algorithm, we transform it back to γ
by:

γi =
exp

(
γ∗
i

)
− 1

exp
(
γ∗
i

)
+ 1

, for i = 1, . . . , p

and then transform γ back to ϕ.
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Simulation studies

• We study the performance of the Bayesian estimations for the SMN-ILR-AR(p)
model, considering: (i) di�erent levels (%) of censoring, (ii) the presence of
blocks with missing values and (iii) the presence of censoring and missing values
simultaneously, for the response variable.

• We generated R = 500 arti�cial samples of size n, from each �xed
SMN-ILR-AR(p) model, considering p ∈ {1, 2}.

• The real parameter values were: β = (1, 4)⊤, ϕ = (ϕ1, ϕ2)⊤

= (0.656,−0.207)⊤, σ2 = 1.5 and x⊤t = (1, xt)⊤ with xt , t = 1, 2, . . . , n as a
random sample from a uniform distribution in the interval (1, 3).

• We �tted the model using the proposed MCMC algorithm and obtaining
100, 000 MCMC draws from the joint posterior distribution of parameters, where
the �rst 20, 000 (20%) iterations were discarded as burn-in samples.
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Simulation studies

• We analyzed the parameter estimation of the SMN-ILR-AR(2) model, with
n = 300, under the presence of B ∈ {1, 3} blocks with missing values and
di�erent censoring proportions (5% and 15%) simultaneously.

• We consider the average values (MC-Mean) and standard deviations of the
estimates (MC-Sd), computed across all R samples.

• MC-Cov is the percentage of times, computed across all samples, that the 95%
highest posterior density intervals contain the true value of the parameter.
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Simulation studies

# of Blocks Cens. N-ILR-AR(2) T-ILR-AR(2)
NA Level MC-Mean MC-Sd MC-Cov MC-Mean MC-Sd MC-Cov

1 block
(1.6%)

5%

β1 0.9926 0.1678 96.2% 0.9940 0.1962 95.6%
β2 4.0154 0.2041 95.8% 4.0018 0.2392 95.4%
ϕ1 0.6412 0.0592 94.2% 0.6391 0.0540 95.0%
ϕ2 -0.1962 0.0593 93.6% -0.1947 0.0518 95.0%

σ2 1.5476 0.1366 94.2% 1.5054 0.2184 93.6%

15%

β1 0.9948 0.1783 95.6% 0.9880 0.2076 95.4%
β2 4.0130 0.2248 95.8% 4.0121 0.2589 97.0%
ϕ1 0.6106 0.0630 92.0% 0.6150 0.0578 92.4%
ϕ2 -0.1756 0.0630 94.2% -0.1740 0.0546 91.4%

σ2 1.5966 0.1567 92.0% 1.5856 0.2434 93.2%

3 blocks
(5%)

5%

β1 0.9906 0.1708 95.6% 0.9933 0.1996 94.8%
β2 4.0180 0.2081 94.0% 4.0048 0.2445 96.2%
ϕ1 0.6424 0.0603 94.2% 0.6371 0.0548 94.2%
ϕ2 -0.1969 0.0606 94.4% -0.1933 0.0531 94.4%

σ2 1.5478 0.1392 93.6% 1.5039 0.2228 94.0%

15%

β1 0.9950 0.1818 96.0% 0.9842 0.2116 95.8%
β2 4.0164 0.2304 95.4% 4.0184 0.2653 97.2%
ϕ1 0.6069 0.0642 90.2% 0.6094 0.0593 92.0%
ϕ2 -0.1734 0.0644 93.6% -0.1711 0.0559 92.4%

σ2 1.6015 0.1604 91.2% 1.5868 0.2484 94.8%

β = (β1, β2)
⊤ = (1, 4)⊤, ϕ = (ϕ1, ϕ2)

⊤ = (0.656,−0.207)⊤ e σ2 = 1.5.
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Simulation studies
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Application

Data Description:

• We used the Phosphorus Concentration Data of West Fork Cedar River in
Finchford, Iowa (USA), previously analyzed by Wang e Chan (2018) and
Schumacher, Lachos e Dey (2017).

• This dataset consists of n = 181 observations of phosphorus concentration (P)
in mg/l , and the water discharge (Q) obtained monthly from October/1998 to
October/2013.

• The data presents 28 left censored observations and 7 missing values (NA),
which represent approximately 15.5% and 3.9% of the total, respectively. The
gap from 09/2008 to 03/2009 in the data was due to program suspension owing
to lack of funding.
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Application
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Application

• Considering the presence of seasonality in the data, as suggested by Wang and
Chan (2018) and Schumacher et al. (2017), we consider the following model:

log(Pt) =
4∑

j=1

[β1,jSj,t + β2,jSj,t log(Qt)] + εt

where St = (St1, St2, St3, St4) is a quarter indicator variable, such that:

Stj =

 1, if the t-th observation belongs

to the j-th quarter.
0, otherwise,

(5)

for t = 1, 2, . . . , n and j = 1, 2, . . . , 4;
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Application

• We decided to consider in our analysis each SMN-ILR-AR(p) model with
p ∈ {1, 2, 3}, for comparative purposes.

• For each SMN-ILR-AR(p) model, we generated 150, 000 draws from the
posterior distribution, discarded the �rst 30, 000 iterations as a burn-in and
considered spacing of size 5 to reduce autocorrelation.

• We used Bayes factors to compare the models, involving the calculation of
marginal densities of the data, f (y|θk ), in each SMN-ILR-AR(p) model (Mk ).

Tabela: Estimated marginal densities in several SMN-ILR-AR(p) models.

Model (Mk ) f (y|Mk ) Model (Mk ) f (y|Mk )

AR(1) 8.1636 × e−63 AR(1) 3.4479 × e−64

N-ILR AR(2) 3.1168 × e−63 SL-ILR AR(2) 5.6672 × e−62

AR(3) 9.0565 × e−64 AR(3) 2.1892 × e−62

AR(1) 7.3787 × e−64 AR(1) 2.8059 × e−71

T-ILR AR(2) 1.5810 × e−62 CN-ILR AR(2) 3.0997 × e−63

AR(3) 1.2164 × e−61 AR(3) 4.4727 × e−69
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Application

• The 12 latest values were preserved for prediction comparison purposes and the
remaining were used for estimation and one-step-ahead prediction.

• As recommended by Lin and Lee (2007) and Garay et al. (2020), in the context
of dependent longitudinal data, a more appropriate measure of �tness is the
predictive accuracy of future observations. Thus, considering the best �ve �tted
models selected by the Bayes factors.

• We used the mean absolute error (MAE) and mean square predicted error
(MSPE), which are de�ned by:

MSPEMk
=

1

12

181∑
h=170

(
log(Ph)− ̂log(Ph)Mk

)2
and

MAEMk
=

1

12

181∑
h=170

|log(Ph)− ̂log(Ph)Mk
|,

where ̂log(Ph)Mk
denotes the predicted value at the h-th, considering the Mk

model.
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Application

Tabela: MPSE and MA for some SMN-ILR-AR(p) models.

Model (Mk ) MSPE MAE

N-ILR-AR(1) 0.12074 0.25326
T-ILR-AR(2) 0.09260 0.23798
T-ILR-AR(3) 0.09893 0.24155
SL-ILR-AR(2) 0.09946 0.23820
SL-ILR-AR(3) 0.10523 0.24189
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Application
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Application

Tabela: MCMC summaries for the T-ILR-AR(2) model.

MCMC Summaries
θ Mean SD Q2,5% Q97,5%

β1,1 -4.3545 0.4979 -5.3643 -3.4032
β1,2 -2.7769 0.7478 -4.3002 -1.3720
β1,3 -4.2577 0.4181 -5.0944 -3.4431
β1,4 -5.0052 0.4941 -5.9894 -4.0430
β2,1 0.2868 0.0890 0.1182 0.4672
β2,2 0.1425 0.1038 -0.0528 0.3548
β2,3 0.3839 0.0690 0.2488 0.5215
β2,4 0.4173 0.0918 0.2389 0.6007
ϕ1 -0.0535 0.0820 -0.1880 0.2415
ϕ2 0.1175 0.0745 0.0252 0.2667

σ2 0.1562 0.0336 0.0975 0.2300
ν 3.8277 1.3646 2.0522 7.1866
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Application
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Conclusions

• We have introduced a robust linear regression model with AR(p) symmetrical
errors, and incomplete information - SMN-IL-AR(p) - which is an extension of
the models presented by Schumacher et al. (2017) and Liu et al. (2019).

• We developed an e�cient MCMC algorithm for conducting Bayesian inference
and its performance was evaluated through simulations and analysis of a real
dataset on phosphorus concentration in river water.

• The implementation of the algorithm was done using the R package.
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Thank you.
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