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Outline

» Dividend problem in insurance

P Rich source for stochastic control problems

» Non-standard problem formulations
» Shot-noise Cox process for claim arrivals
< Motivation from Catastrophe Insurance
» Solve two-dimensional control problem

» Numerical lllustrations / Interpretations



Natural catastrophes: Severe convective storms

Simulated tornado-producing supercell (30m resolution, EF5 near El Reno and Oklahoma City, 2011)

Orf et al. (2017)



Natural catastrophes: Economic Losses 2023

By Peril
scs I
i [ -5
o [ sss
e I 5545
oR [ 5508
wr [lls28
euws 578
ww [l 558

Other|$0B

EQ: Earthquake
DR: Drought

Peak / Non-Peak Perils

27%
21%
16%
15%
14%
3%

SCS: Severe Convective Storm
EU WS: European Windstorm

67%

Non-Peak Perils
2023

56%

Non-Peak Perils
20002023
= Peak = Non-Peak

TC: Tropical Cyclone
WE: Wildfire

Billion-Dollar Events

United States

Latin America

Oceania

Middle East O

Rest of N. America 0 costs i the Unted States & Mexco resued

n'loss exceeding USDI billon
66 63
AllNatural Perils Weather / Climate

W Weather / Climate = Other Natural Perils

WW: Winter Weather
FL: Flooding

Gallagher Re: NatCat & Climate Report 2023



Natural catastrophes: Comparison 2023 (in bn. USD)
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» Climate Change: reinsurance premiums go up!
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catastrophes: Comparison 2023 (in bn. USD)
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Gallagher Re: NatCat & Climate Report 2023
» Climate Change: reinsurance premiums go up!
» How to make natural catastrophe insurance attractive?



Alternative (profitability) criterion:

reserve R ‘

claims
—— premiums

Vo
4 B. de Finetti (1957)

time

Expected sum of discounted dividend payments until ruin
T
EX(/ e %t dD;) — maximize!
0

Stochastic Control Problem:
» Compound Poisson: e.g. Gerber (1969), Schmidli (2008), Azcue & Muler (2014)

» Diffusion: e.g. Gerber (1972), Jeanblanc-Piqué & Shiryaev (1994), Asmussen & Taksar (1997)

e.g. A. & Thonhauser (2009), Avanzi (2009)



Optimal Strategy: Band Strategy
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Optimal Strategy: Band Strategy
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Diffusion, certain compound Poisson/Lévy processes: Barrier Strategy

time ¢




A compound Cox model

reserve R
t A Evolution of the claim-arrival intensity
claims t ‘with initial intensity A
—— premiums 2.5

exponential decay in the inter-
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Dassios & Jang (2003), A. & Asmussen (2006), Pojer & Thonhauser (2023)



A compound Cox model

reserve R
t A Evolution of the claim-arrival intensity
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with \f = A +e (A —)),d>0
Ny = #{k : T« < t}... Poisson process of constant intensity

Dassios & Jang (2003), A. & Asmussen (2006), Pojer & Thonhauser (2023)

Premium rate:
p=(14+1)E(X) Mmoo E(A:/t) = (1 + 1) E(X:)(A + BE(Yk)/d)



The optimal dividend problem

I, .: set of admissible dividend strategies L = (Lt)tZO:
non-decreasing, cadlag, adapted, Ly > 0 and
Ly <R fort<tt=inf{t>0:R — L, <O}

Two-dimensional stochastic control problem

L

V(x,\) = sup E(/ e %tdLy)
LE”X’A



The optimal dividend problem

I, .: set of admissible dividend strategies L = (Lt)tZO:
non-decreasing, cadlag, adapted, Ly > 0 and
Ly <R fort<7b=inf{t>0:R — L, <0}

Two-dimensional stochastic control problem

L

V(x,\) = sup E(/ e %tdLy)
LE”X’A

Basic properties:
» V/(x,\) non-decreasing in x, non-increasing in A
> V(x,A) locally Lipschitz in x and in A > A\
> V(x,A) < VA(x) < x+ p/6
> limy 00 V(X,A) = x



Hamilton-Jacobi-Bellman equation

max{L(V)(x,A),1 = Vi(x,\)} =0, x>0, A > (®)
where

LV)(x,A) = pVi(x, A) = d (A = A) Vs (x, A) — (0 + A+ B)V(x, \)
X[y V(x =y, N)dFx(y) + B[y V(x, A + z)dFy(z).



Hamilton-Jacobi-Bellman equation

max{L(V)(x,A),1 = Vi(x,\)} =0, x>0, A > (®)
where

LIV)(x,A) = pVi(x,\) —d (A —2A) Vi(x,A) = (6 + X+ B)V(x, \)
+Afg V(x =y, NdFx(y) + By V(x, X + z)dFy(z).

Theorem: The optimal value function V is the smallest viscosity solution
of (®) in [0,00) x [A, 00) satisfying linear boundedness in x and
limy_oo V(x,A) = x.

» Verification Theorem

> V(x,\)=x—p/d+ V(p/d,\) forx > p/d VYA>A



What to expect...
Generalization of barrier strategies

Action Payment Region

No-action region

Free boundary problem - numerically very hard!
» Approximate by optimal strategies on fine two-dim. grid

» Uniform convergence of these strategies to V



Finite grid
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Example 1: x ~ Exp(10), A= 1/4, ¥ ~ Exp(1/2), B =1/2, d = 7/10
(halftime of intensity increase is 1 year), 6 = 0.2, n = 0.2 (Asv = 1.679, so p = 0.201).
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Action regions (dark) and non-action regions (light) ~
of the optimal strategy as a function of A and x " V(x, A)

V(x, A) (solid) vs. V¢ (x, A) (dashed) V(x, Aav) (solid) vs. Vi (x, Aav) (dashed)



Example 2: x ~ Er(2,1), A= 10, ¥ ~ Exp(1/2), 8=02,d =02, § = 0.1,
17 =0.07 (A\av = 12, so p = 25.68). hom. Poisson: Optimal 2-band!
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Action regions (dark) and non-action regions (light) of the optimal strategy as a function of A and x
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V(x, Aav) (solid) vs. V| (x, Aay) (dashed)



Example 3: Like Example 1, but with deterministic claim sizes: Fx(x) = f1/10.0).
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Action regions (dark) and non-action regions (light) of the optimal strategy as a function of A and x
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V(x, Aav) (solid) vs. V| (x, Aav) (dashed)



Conclusion

» New two-dimensional stochastic control problem
» Variability of claim intensity can be advantage!

> Potential for catastrophe insurance (IFRS, regulation?)



Conclusion

» New two-dimensional stochastic control problem
» Variability of claim intensity can be advantage!

> Potential for catastrophe insurance (IFRS, regulation?)

Possible Extensions:

» Unknown intensity: filtering
» Non-stationarities (climate change!)

» Hawkes processes (cyber risk) etc.
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