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Large deviations

I (Xn, n ∈ Z): a stationary ergodic stochastic process.

I One commonly works with large deviation events based on
X0,X1, . . . ,Xn−1:

I X0 + X1 + . . .+ Xn−1 is “too far from the mean” for a weak
limit,

I max(X0,X1, . . . ,Xn−1) is “too large” for a weak limit ...
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I E0(n): a large deviation event based on X0,X1, . . . ,Xn−1

I Ei (n): the same large deviation event, but based on
Xi , . . . ,Xn+i−1, i ∈ Z.

I All events Ei (n) have the same probabilities.

I Do they cluster?

I If E0(n) occurs, how many of “nearby” Ei (n) occur?
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Infinite moving average processes

Xn =
∞∑

i=−∞
aiZn−i , n ∈ Z

I (Zn : n ∈ Z) iid, with distribution FZ , all exponential
moments finite, 0 mean, variance σ2

I . . . a−1, a0, a1, a2 . . . real, with

∞∑
j=−∞

a2j <∞ .

I (Xn): stationary, ergodic, 0 mean, finite exponential moments
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Rare events

E0(n, ε) =

{
1

n

n−1∑
i=0

Xi ≥ ε

}
, ε > 0.

Ej(n, ε) =

1

n

n+j−1∑
i=j

Xi ≥ ε

 , j ∈ Z.

I By ergodicity, infinitely many (Ej(n, ε)) occur

I Given E0(n, ε), how many of the “nearby” (Ej(n, ε)) occur?
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I The question is non-trivial, even in the i.i.d. case.

For j ≥ 1,

Xj + . . .+ Xn+j−1 =
(
X0 + . . .+ Xn−1

)
−
(
X0 + . . .+ Xj−1

)
+
(
Xn + . . .+ Xn−j+1

)
I The subtracted terms: approximate mean ε;

the added terms: mean 0.

I Does the overall sum stay above nε?
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Short memory case

Assume that

∞∑
n=−∞

|an| <∞ and
∞∑

n=−∞
an 6= 0.

We show that the conditional law of(
1(Ej(n, ε)), j ∈ Z)

)
given E0(n, ε) has a non-degenerate weak limit,

it is a function of a certain overshoot process.
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For fixed K−,K+ ∈ Z,

P

 −1∑
j=−K−

1(Ej(n, ε)),

K+∑
j=1

1(Ej(n, ε))

 ∈ ·∣∣∣E0(n, ε)


has a weak limit.

That weak limit converges weakly, as K−,K+ →∞, to finite limit:
the total size of the large deviation cluster.

The total size of the large deviation cluster converges weakly (after
normalization) as ε→ 0.
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Notation

I Sum of the coefficients:

A =:
∞∑

n=−∞
an =

−1∑
n=−∞

an +
∞∑
n=0

an =: A− + A+ 6= 0;

assume A > 0.

A−n =
n∑

j=1

a−j , A
+
n =

n∑
j=0

aj , n = 0, 1, 2, . . . .

I Log-Laplace transform of the noise:

ϕZ (t) = log

(∫
R
etz FZ (dz)

)
, t ∈ R.
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I Exponentially tilted noise distribution:

Gθ(dx) = e−ϕZ (θ)+θxFZ (dx), x ∈ R, θ ∈ R.

For θ close to 0, Gθ has mean ≈ θσ2Z .

I Right endpoint of the support of the noise:

s0 = sup{x ∈ R : FZ (x) < 1} ∈ (0,∞].

We assume 0 < ε/A < s0.
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I There is unique τ(ε) > 0 such that

ϕ′Z (τ(ε)) = ε/A.

I For small ε > 0, τ(ε) ∼ ε/(Aσ2Z ).

I Conditioning on E0(n, ε) leads to exponential tilting for noise:

I {Zu
j : j ∈ Z, u = + or −} independent random variables with

Z−−j ∼ Gτ(ε)(A+−A+
j−1)/A

, j ≥ 1 ,

Z−j ∼ Gτ(ε)(A++A−
j )/A , j ≥ 0 ,

Z+
−j ∼ Gτ(ε)(A+

j−1+A−)/A , j ≥ 1 ,

Z+
j ∼ Gτ(ε)(A−−A−

j )/A , j ≥ 0 .
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∞∑
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aiZ
−
n−i , n ∈ Z, U+
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+
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I T ∗: exponential random variable with parameter τ(ε)/A,
independent of the tilted Z ’s.

I Set
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Theorem 2

D−ε ,D
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Xn =
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P
(
Ej(n, ε)|E0(n, ε)

)
→ 1, n→∞, any j ≥ 1.

I The cluster size becomes infinite!

I We consider

In(ε) = inf {j ≥ 1 : Ej(n, ε) does not occur} , n ≥ 1.

Conditionally on E0(n, ε), In(ε)→∞ as n→∞
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I How fast does In(ε) grow conditionally on E0(n, ε)?

I What is the limit of the conditional law of a properly
normalized In(ε)?

I The Brownian motion with drift in the short memory case
is replaced by a fractional Brownian motion with drift.
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4− 4α
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determines how fast In(ε) grows;

H = 3/2− α ∈ (1/2, 1) :

determines the limiting fractional Brownian motion.
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I (BH(t) : t ≥ 0) standard fractional Brownian motion, Hurst
index H

continuous zero mean Gaussian process, covariance function

E (BH(s)BH(t)) =
1

2

(
s2H + t2H − |s − t|2H

)
, s, t ≥ 0 .

I T0: independent standard exponential random variable.
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Define

τε = inf
{
t ≥ 0 : BH(t) ≤ (2Cα)−1/2εt2H − (Cα/2)1/2σ2Zε

−1T0

}
,

with

Cα =
B(1− α, 2α− 1)

(1− α)(3− 2α)
.



Theorem 3

Under technical assumptions on the noise,

P
(
n−βIn(ε) ∈ ·

∣∣E0(n, ε)
)
⇒ P (τε ∈ ·) , n→∞ .

I The distribution of τε depends only on the variance of the
noise.

I Difference between moderate deviations and large deviations.
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I As α→ 1, β → 0 and H → 1/2.

In(ε) grows slower,

fractional Brownian motion becomes Brownian motion.

I τε: related to clustering of large deviations;

I It easy to check that τε
d
= ε−1/Hτ1.

Recall: cluster size ≈ ε−2 in the short memory case.
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I Structure of the cluster is similar to short memory case.

I There is overshoot X0 + · · ·+ Xn−1 − nε and the negative
drift killing the overshoot.

I The overshoot is approximately exponential; mean
proportional to 1/ε, grows as n2(1−α).

I Fluctuations around negative drift are now governed by
fractional Brownian motion.



I Structure of the cluster is similar to short memory case.

I There is overshoot X0 + · · ·+ Xn−1 − nε and the negative
drift killing the overshoot.

I The overshoot is approximately exponential; mean
proportional to 1/ε, grows as n2(1−α).

I Fluctuations around negative drift are now governed by
fractional Brownian motion.



I Structure of the cluster is similar to short memory case.

I There is overshoot X0 + · · ·+ Xn−1 − nε and the negative
drift killing the overshoot.

I The overshoot is approximately exponential; mean
proportional to 1/ε, grows as n2(1−α).

I Fluctuations around negative drift are now governed by
fractional Brownian motion.



I Structure of the cluster is similar to short memory case.

I There is overshoot X0 + · · ·+ Xn−1 − nε and the negative
drift killing the overshoot.

I The overshoot is approximately exponential; mean
proportional to 1/ε, grows as n2(1−α).

I Fluctuations around negative drift are now governed by
fractional Brownian motion.



I Long memory case requires more technical assumptions,
including

I certain integrability of the Fourier transform of the noise;

I certain similarity to N(0, σ2
Z ), measured in number of identical

moments.
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