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Consider a sequence of independent identically distributed random variables {𝑋𝑘}
and the corresponding sequence of record times:

𝑇1 = 1, 𝑇𝑘 = min{𝑗 : 𝑋𝑗 > 𝑋𝑇𝑘−1
}, 𝑘 > 1.

The random variables 𝑋𝑇𝑘
, 𝑘 > 1, are called records. The

𝜇𝑘 = number of records up to moment 𝑘

is of interest in this talk. The strong law of large numbers for {𝜇𝑘} tells us that

lim
𝑛→∞

𝜇𝑛

ln(𝑛)
= 1 almost surely.

An improvement of this statement could be called the Marcinkiewicz–Zygmund
strong law of large numbers:

lim
𝑛→∞

𝜇𝑛 − ln(𝑛)

(ln(𝑛))
1/𝑟

= 0 almost surely

for any 1 6 𝑟 < 2. We study a similar result in a more general setting called 𝐹𝛼-
scheme.

Let 𝑋 be a random variable and 𝐹𝑋 be its distribution function being nondegenerate
in the sense that

𝑃 (𝑋 = 0) ̸= 0.

Let {𝛼𝑘} be a sequence of nonnegative numbers. A sequence of independent random
variables {𝑋𝑘} is called the 𝐹𝛼-scheme associated with 𝑋 and {𝛼𝑘} if

𝐹𝑋𝑘
= 𝐹𝛼𝑘

𝑋 .

Define 𝑇𝑘 and 𝜇𝑘, 𝑘 > 1, in the same way as above. Then one can prove for the
𝐹𝛼-scheme that

lim
𝑛→∞

[︃
𝜇𝑛

ln(𝐴𝑛)
− 1

𝐴𝑛

𝑛∑︁
𝑘=1

𝛼𝑘

𝐴𝑘

]︃
= 0 almost surely,
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where 𝐴𝑛 = 𝛼1 + · · ·+ 𝛼𝑛 (see [2]). We propose a method for finding the sequences
{𝑓(𝑛)} and {𝑔(𝑛)} such that

lim
𝑛→∞

[︂
𝜇𝑛

𝑔(𝑛)
− 𝑓(𝑛)

]︂
= 0 almost surely.

Based on this result, we are able to solve the same problem for record times {𝑇𝑘}.
In doing so we use the idea of pseudo-regularly functions, since 𝑇𝑛 is an generalized
renewal process constructed from 𝜇𝑛 (see [1]).
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