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EM and MM algorithm

Let p(x,y|f) be a latent variable model. Typically:
X = x1.n = (x1,...,X,) — observations, y = y;., — latent variables, 6 — parameters.

EM-algorithm (parameter, classic) (3_, when y discrete)
(i+1) — [ | 0 ]
0 arg max zy: np(y, x|0)p(y01), x)

increases likelihood _ _
p(x|00D) > p(x|6D).



EM and MM algorithm

EM-algorithm (parameter, Bayes) 7(6) prior (density), so

p(x, y|0)m(0)

p(X) = p(y,GIX),

90+ — arg max {Z Inp(y, 9|X)p(y|9(i),X)]
y

= arg max [Z In p(y, x|0)p(y]01), x) + In W(Q)]
y

increases posterior . .
(01 D1x) > p(81)]x).



EM and MM algorithm

MM-algorithm (classic)

Replace the weighted sum >_, In p(y, x|0)p(y|01), x) by the element with maximal
weight.

y) = argmax p(y, x|0)) = arg max p(y|6), x)
y y
9D = argmax p(y". x[0)

9(’) N y(’) — 0(i+1) — y(i+1) —5 ... (5}79)

increases joint likelihood

p(yUD x|0H) > p(y D x|glFD) > p(y() x|,



EM and MM algorithm

MM-algorithm (Bayes)
y = argmax p(y, 0)|x) = arg max p(y, x|0”) = argmax p(y |0, x)
00D = arg m;\xp(y(i), 0|x) = arg max [In p(y™, x[8) + In 7(6)]
increases joint posterior
p(y(H_l),@(H_l)’X) > p(y(i)79(i+1)|x) > p(y(i)’e(i)|x)'

When the goal is parameter estimation, then 0 is taken as output.



HMM-like models

Mixture model: Yi,..., Y, iid random variables with values ) = {0,..., K — 1}, and
given Y; = k, the R%valued observation X; is emitted independently of everything else
from distribution with density f(:|6x), k € V.

Hidden Markov model (HMM): the same, but Yi,..., Y, is a (homogenuous)
Markov chain; mixture model is a special case.

Markov switching model: Yi,..., Y, is a (homogenuous) Markov chain, but the
conditional distribution of X; depends also on X;_1 : X;|Y; = k, X¢—1 = x¢—1 has
density f(-|0k, xt—1). Given Yi,..., Y, the observations Xi, ..., X, are not

(conditionally) independent any more; HMM is a special case.

In all those models the parameters of Y, typically the transition matrix P and/or initial
probabilities — transition parameters; the parameters 0; (i € )) — emission parameters.



HMM-like models

Pairwise Markov model (PMM): 73, ..., Z,, with Z; = (X¢, Y;) is a (homogenuous)
Markov chain with state space RY x ). Now Y-process might or might not be a
Markov chain. Markov switching models is a special case.

For PMM, all HMM tools: forward-backward algorithm, Viterbi algorithm,
EM-algorithm apply. Thus

v = arg max 0, x
g max p(yl0,x)

can be found via Viterbi algorithm and so the MM-algorithm for estimating 6 is known
as Viterbi training. The output of Viterbi algorithm is called Viterbi path.

For mixture model, no Viterbi algorithm is needed, because given the probabilities
(po,---,Pk—1) and emission parameters 6y, the Viterbi path is found pointwise

_ Flx|00). Kk t=1,....n
Ve = argmax pi (xel0k), ke, peeen



MM-algorithm (Viterbi training) for HMMs

Input: Observations x = xy.p, initial probabilities 7(y1);
Initialization: Initial transition matrix P(®) and emission parameters 05(0), ke,
Iteration: Given P() and 0,((i), k € Y find Viterbi path (using Viterbi algorithm)
() = arg max x: P 9(i) 9(i) .
y gyeynp(yl P06 0k )
Given Viterbi path y() re-estimate transition parameters simply by counts:

(i+1) _ (# pairs (k, /) in Viterbi path)
K (4 states k in Viterbi path)) ’




MM-algorithm (Viterbi training) for HMMs

For emission parameters estimates observe that Viterbi path splits observations into K
subsamples/empirical distributions

m

PiN(A) = 1k Zn: a(xe), me=>_ k), key, AecBRY)
t=1 t
and then find MLE for every sub-sample separately:
60D _ arg mefx/ In f(x|0K)P{) (dx), ke V.
Repeat until no change/stopping criterion

Output: Parameter estimates I@, GAk, k € Y (and corresponding Viterbi path y).



MM-algorithm (Viterbi training) for PMMs

No separation between emission and transition parameters: p(x, y2|x1, y1; ).
Input: Observations x = x1.p,, initial probabilities 7(x1, y1);
Initialization: initial parameter(s) 6(%);
Iteration: Given 0() find Viterbi path (using Viterbi algorithm)
() = arg max x; )Y,
y g max p(y|x; )

Given Viterbi path and observations find empirical distribution P,(,i), where

1 n—1

P (k)< (o)) = = 3 I )by Gxe ) i), A € BRY), k.1 € 9.
t=1



MM-algorithm (Viterbi training) for PMMs

Find MLE estimate

n—1

oli+1) — arg meax [In m(x1, yl(i)) + Z In p(x¢r1, yg—121|xt> Yt(i); 9)]
t=1

— argmax [In (0, ")+ [ ployala, 1 0)Pa(dx. 31,52, )|
Repeat until no change/stopping criterion
Output: Parameter estimates 0 (and corresponding Viterbi path y).

NB! One can always start with a path instead of parameters.



A (toy) example of MM algorithm going very wrong

Hidden Bernoulli model: Mixture model, where Y7, Y, ... Bernoulli(p); p-unknown;
emission distributions normal with common & (known), means pg and 1 (known), i.e.
Xt|Yt =k~ N(,LLk, 0'2).

Simulations: Take o = 0.8, po = 0 and p; = 1 (Gaussian noise is added to Bernoulli
outputs). Generate samples (say n > 100) and taking p(®) = p (starting with true
value), one sees that MM-estimate is typically either 0 or 1 — extremely wrong
estimate!



A (toy) example of MM algorithm going very wrong

Theoretical explanation: In this model finding Viterbi path v means comparing x;
with threshold

2
M1+ o o p
S(p>/UJ17/L2) = 2 - In

s Vt:].<:>X1_->S.
pr—po l—p

With true parameters p, 19 < p1 as initial values and calculate p(1), ,ugl), ,ugl). With
5= S(p’ MO»Ml)a we get

1y m RS s . e
Pn’ = mi= tz_; h(ve) = ; Iis,00)(xt)  proportion of ones in Viterbi pathv

n

n—

1 1 1 7 1
xh(v) = [ <P, )= > (o) = JEGHE!



A (toy) example of MM algorithm going very wrong

When n — oo, then by SLLN (here X has true mixture distribution), a.s.
1 1 1 1 1)
p = pW = P(Xy > s), ) = ) = EXIX <], i) - il = EXIX > )
Moreover the empirical measures converge
P((),lrz = Qo = P(X1 € [X1 <), P(l) = @ =P(X1 € X1 >5s), as.

Obviously the measures Q; are very far from normal as the following picture shows.



Figure: Mixture distributions (left o = 0.4, p = 0.2, right 0 = 0.8, p = 0.4). The dotted line is
s. The area under black curve right of s is p(1).
The measures @y and @; correspond to the truncated black curve. Corresponding means:

ul) = —0.0017, p{Y) = 1.12 (small o); right: p{" = —0.14, p{V = 1.4,



A (toy) example of MM algorithm going very wrong

It turns out that when p < 0.5, then p() < p. This means p(!) < p and then
s(pM)) > s(p) so that

and so the "MM iterations” are monotonically decreasing

Whether the limit is 0 or not depends on ¢ as the following picture shows.



A (toy) example of MM algorithm going very wrong

Figure: the final estimate p for different 0 and p =0.1,0.2,0.3,0.4

For 0 = 0.8 (used for simulations) it is 0. So the MM-estimate p is very wrong
even when one starts with true parameter p and sample size n is arbitrary large!



Lack of asymptotic fixed point property

We saw E(X|X > s) = p(!) < p (when p < 0.5). So, one start with true parameter, n
is infinitely big, yet the algorithm returns something else. The same holds, when one
estimates po and pq. Indeed, (assuming p is known and n = oo) taking the initial
values as true parameters, the algorithm returns

p = E[X|X < 5] = /xQo(dx), pY = E[X|X > 5] = /le(dx)

and since Q; is not equal to emission distributions (normal in our example), then also

pl(.l) # pi. In our simple example, it is often so that

(1) (1)

1
1" > p1, o gt < Ho-

We see that the MM-algorithm lacks asymptotic fixed point property — starting with
true parameters and having n arbitrarily large, the algorithm returns something else.



More general models

For mixture model, from SLLN it follows that the first iteration estimates based on
Viterbi path v converge and the limits are (in general) different from true parameters,

even when Viterbi path is found by using them. In particular P,((I,)I = @k, a.s.. Do the
same convergence hold for general model?

For HMM's and more general models not trivial to show. Recall :

Observations xi, ..., x1p. Subsamples based on Viterbi alignment (K = 2)

X:ix1 X0 X3 Xa X5 X X7 Xg Xo X0

Viterbi: 0 1 1.0 1 0 1 1 1 0
The subsamples (empirical measures) are

X1 X4 X Xi0 Poio and xo x3 X5 x7 Xg X9 P1.10



More general models

(Except the mixture model) Viterbi path is global: adding one more observation x,1
can change the whole path and influence heavily the measures:

X X1 X2 X3 X4 X5 X6 X7 X8 X9 X10

Viterbi : 0 o o o0 1 1 1 1 0 0 O

What about asymptotics in this case?



More general models: the Viterbi process

It can be show that under rather general conditions, the Viterbi path oh HMM
stabilizes, and there exists so-called infinite Viterbi path that can be considered as a
Viterbi decoding of xi,x,.... Since X = Xi, X5, ... is a random process, the the
infinite Viterbi path/decoding forms a random process called Viterbi process
V=V,VW...

Moreover, one can show that the 2-dim process (X, V) is regenerative. This implies

the existence of limit proportions p,(j) so that

n—1
L (V) LI(V
P;E},)n _ D1 nk—(l ) (Vet1) N pl((})’ as
Y1 k(Ve)

and the existence of limit measures Qi so that

PU = Q, as, Vke.

,n



More general models: the Viterbi process

Then also (under general conditions)

0,((12, = arg maax/ In f(x|«9k)P,((i21(dx) — 05(1), a.s,
k b

)

where
95(1) = arg mgax/ In f(x|0k)Qk(dx), Vke.
k

In general, the matrix P(1) = (p,(j)) # P and 953) # 0% — no asymptotic fixed point
property!

For (a large class) of HMM's this was proven in (Kolydenko, L., 2008, 2010).



More general models: the Viterbi process

Recently the existence and (almost) regenerativity of Viterbi process were proven for (a
large class of PMM’s) in (Sova, L., 2020, 2021). For PMM's we speak about the

measure P,(71) (empirical distribution of pairs (Z1, Z2)); it holds P,(,l) = Q, as.,,
implying that

oY) = arg maé‘x/ In p(x2, y2|x1, y1; 0)Pa(d(x1, y1, x2, y2)) — 0O,

where
o) = arg meax/ In p(x2, y2|x1, y1; 0) Q(d(x1, y1, X2, ¥2))

and, again, (1) £ 6* — no asymptotic fixed point property!

Under general conditions EM-algorithm has asymptotic fixed point property!



Adjusted Viterbi training
Why MM-algorithm (Viterbi training)? Faster (bigger steps), cheaper
(computationally), easier (to implement).

We saw that in general (6* true, #()) output of 1-st iteration (%) = 6* for n = oo )
ABF) =0 —0M) £0

Suppose 8 — A() is known. Then there is an easy way to get fixed point property:

Adjusted Viterbi training (AVT): Given 6() find Viterbi path and MM estimates as
previously, let that be 95\'4741). Take

400D = 05+ A0
AVT has asymptotic fixed point property.

Simulations: more correct (comparable to EM), still fast and cheap.
Problem: A(6) is not known analytically (we only known it exists) except mixtures.



Segmentation with Bayes

HMM in Bayesian setup — transition matrix PP has prior 74 (P) and emission parameters
have priors mem(6) = mem(60) - - - Tem(0k—1), transition and emission priors
independent. Transition priorms, models every row independently with Dirichlet priors —
typical choice. Thus

(Pros---sPrk—1) ~ Dir(ay,..., a1 k-1), VI

A special case o = 1 — uniform: uninformative prior, every matrix is alike.

Hence — a new model (X, Y) with law p(x, y), where for paths x = x1., and y = y1.p

plcy) = pPcly). p) = [ P IBIT(d®).  p(xly) = [ b(xly. O)Ten(db).



Segmentation with Bayes

The new model is very far from HMM:
1) Y is not a Markov chain any more
2) Given Y, the observations Xi, ..., X, are not (conditionally) independent any more.
Most sadly, (X, Y) is not a PMM.
We aim to find MAP (maximum a posteriori or Viterbi) path
v = argmax p(y, x) = argmax p(y|x)

but Viterbi algorithm does not apply any more — no Markov property!



Segmentation with Bayes: how to find Viterbi/MAP path?

* Simulated annealing (expensive)

* Parameters first: find § and P by Bayesian EM (posterior mode) and then apply
Viterbi algorithm with these parameters.

* Variational Bayes algorithm (close to the previous one);

* Segmentation EM — just Bayesian EM algorithm with roles changed: (denoting all
parameters with 6): given y() update

yUth = arg maX/ln p(y, 01x)p(0]y"), x)d = arg maX/ln p(y, x0)p(8ly, x)d.
y y

It holds: p(y(i+1)!X) > P(y(i)’X)-



Segmentation with Bayes: how to find Viterbi/MAP path?

In our model (Dirichlet) — segmentation EM is implementable! (given emission priors
are "nice").

* (Segmentation) MM — the same Bayesian MM, the output is path.

Comparison of the algorithms: (Gasbarra, Koloydenko, Kuljus, L. 2020, Koloydenko,
Kuljus, L. 2021). No wonder that segmentation EM outperforms most of the other
methods — it optimizes the right criterion. Syrprisingly MM performs equally well,
sometimes even better!



Explanation why (segmentation) MM algorithm performs as well as
(segmentation) EM algorithm: toy model

Mixture model, with p ~ Beta(a, a):
p ~ Beta(a, a)
Y17 R Yn|p i.LJd. B(]'? p)
Xi|Yi,p "N (Y, 0?), i=1,....n.

The hidden process Y7, Ya, ... is now Beta-Bernoulli process with the following law:

Let y = y1.p € {0,1} such that >_"_; y; = m (m ones), the probability of that

sequence is

ala+1)--(a+m—-1)-a(fa+1)---(a+n—m—1)
(2a)2a+1)---(2a+n—1)

p(yi:n) ==



Hidden Beta-Bernoulli model

When « > 1 is an integer, then

(a+m-1l(a+n-m-1)! (2a-1)! (20?__12)(204_1)
plin) = =07y, (@=1)1  Qat+n-1l (2 2)0a+n—1)

and when a =1 (uniform prior), it simplifies
1
(m)(n+1)

The model is now hidden Beta-Bernoulli model: with x = x3., and y = y1.,, it holds

P()/1:n) —

p(x,y) = p(y)p(xly) = p(yr:n) [ ] F(xelye),
t=1

where f(x¢|yt) is Gaussian density with mean y; evaluated at x;.



Segmentation EM for hidden Beta-Bernoulli model

Input: Start with a sequence y(?) (or the number of ones m(o));

Iteration: Given sequence y()) define
i) = explo(a+ mU)) — p(n+2a)],  ul” = explip(a + n— mD) —(n +20)],
where m() = Ztyt(i) (number of ones in y()) and ¢ is digamma function.

Find the sequence y(*1) as follows (can be done pointwise)

U+1) = arg max [Z In £ (xe|ye) + In g (y )]

Y yeyn

where

gD (y) = (uf) >0 (uf)" e,

Output: Proceed until y() = y(+1) output is the sequence y(+1).



About digamma

If X ~ B(a, 8), then E(In X) = ¢(a) — (v + [3), where

For even moderate n, 1(n) = In(n — 0.5). Then, if a < n

G mP+a-05 (G n-—mY+a-05
e ——, Uy =~
1 n+2a—0.5 0 n+2a —0.5

We see that (for big n)

() . —mW
m uéj)%n m

u%j) R - proportion of ones in y(j), proportion of zeros in y(j).

So the algorithm is close to MM algorithm.



(Segmentation) MM for hidden Beta-Bernoulli model

Input: Start with a sequence y(%) (or the number of ones m(®);

Iteration: Given sequence y() define

, (1) '
p = ™ broportion of ones in y()
n

(m() = Ztyt(i) is the number of ones in y(1)).

Find the sequence y(*1) as follows (can be done pointwise)
n
Y+ = arg max [Z Inf(xt|yr) + In q(")(y)},
t=1

where g() is iid Bernoulli under parameter p():
q(l)(y) — (p(i))zt}’t(l - P(i))n_Ztyt.

Output: Proceed until y() = y(+1) output is the sequence yU+1),



Posterior consistency

when a < n, the (segmentation) MM algorithm preforms almost as (segmentation)
EM algorithm. Another explanation of that similarity is posterior consistency: with
0 ~ Beta(a, a) and m being the number of ones in y, we have

p(0ly,x) = p(8ly) ~ Beta(a + m,a + n— m).

The variance of Beta(a + m, a + (n — m)) distribution is of order O(%) and so p(f]y)
is heavily peaked over its expectation

~
~

a—+m m
a+n n’

This means that in the segmentation EM update the distribution p(6|y(), x) is peaked
over ’"T(J) = 0U) and so the integral is close to maximum:

Yy = arg max/ln ply, x|0)p(8]y", x)d8 ~ arg maxIn p(y, x|8Y)) = arg maxIn p(y, 89 |x),
y y y

exactly what MM algorithm does.



MM: good in segmentation, bad in parameter estimation

MM-algorithm above (VT for mixtures) has formally nothing to do with Bayesian
approach (no « in it!). Yet, it aims to find maximum likelihood path in hidden
Beta-Bernoulli model with some "relatively small o (like uniform prior). The same
holds for Bayesian HMM'’s with Dirichlet priors on transition matrix.

Conclusion: MM-algorithm (Viterbi training) might be very poor in parameter
estimation (it lacks asymptotic fixed point property, optimizes wrong criterion....), but

works well in Bayesian segmentation (under Dirichlet priors).

Why it performs well in one task (segmentation) and fails in another
(parameter estimation)?

Answer: It fails in parameter estimation just because it is good in segmentation!



Link to the statistical learning
For any model p(x,y), the Viterbi (MAP) path

v = arg max x) = arg max In ,x) = arg max[In p(x|y) + In .
gyeynp(yl) g max p(y,x) gyeyn[ p(x|y) +Inp(y)]

For an hidden model (either mixture model or HMM or hidden Beta-Beroulli) with
(conditionally) independent emission densities f(:|k), k € Y

v= argyrgg;g[z f(xelye) + In p(y)].
t=1

If emission densities are normal with common o2 and means p, = k (as in toy model)

n
. 2 2
== - _2 | .
% argymeljyn[g (xt — yt) oInp(y)

Statistical learning objective, where >_7_ (x; — y+)? — loss function (depends on data);
In p(y) — penalty term (depends on model); o — regularization constant. The bigger is
o2, the more model matters. So, if o is big, the v aims to maximize p(y).



Hidden Bernoulli model
The properties of MAP path depend on model p(y).

Y1, Yo, ... is Bernoulli process. The simplest possible model. Any 0-1 model be
considered as a concatenation of blocks
000 11 00000 111 000
~ O~ =S~ =~
0—block 1—block 0—block 1—block 0—block
Block lengths are Geometrically distributed, the expected lengths of 0-block is %,

expected length of 1-block is 1T1p-

The path arg max,cyn» p(y) is constant (only 0's or 1's), if p < 0.5, it is constantly
0000 - - - 0 with probability (1 — p)". The (any) second best path has one 1 and its
probability is (1 — p)"~1p. The ratio between the best and second best path is

constant: (1 — p)/p.



Hidden Beta-Bernoulli model

Y1, Ya, ... is Beta-Bernoulli process. Totally different properties: random variables
Y1, Ya,... have the same B(1,0.5) distribution, but they are positively correlated:
a+1 1
Y1,Y9) = —=>0.
cov(Y1, Ya) Ao 12 1°

The expected block length of both blocks is oo, when o <1 (in particular, for uniform
law and % otherwise). The max-likelihood path is constant (either 0000 - - -0 or
1111---1), its probability is

a - (a+1)---(a+n—-1)
20 (2a+1)---2a+n—-1

In particular, for « = 1 (uniform prior),

1
--0)=p(1111---1) = .
p(0000---0) = p( )= 1
We see that under Beta-Bernoulli prior p(0000- - -0) is much higher than under

Bernoulli model! For uniform prior: -5 > (1 — p)".




Hidden Beta-Bernoulli model

The ratio between best and second best path:

p(000 - - 0)

PAVWV V) 1
p(100---0) T

is much bigger than that of under Bernoulli model (constant).

For Beta-Bernoulli model the max probability path has relatively more weight than
under Bernoulli model. Similarly the paths with less blocks have relatively more
weights. This, in turn, implies that the solution to our statistical learning under
Beta-Bernoulli model has less blocks / jumps less / is more conservative than under
Bernoulli model.



MAP path jumps under Hidden Bernoulli and hidden Beta-Bernoulli model
In the picture below the number of jumps (number of blocks-1) of MAP path of
hidden Bernoulli and hidden Beta-Bernoulli model are compared. For every o (x-axes),
100 samples of size 100 are generated and the average number of jumps are found.
Upper curve: Bernoulli model (blue line theoretical value), lower curve: Hidden
Beta-Bernoulli model. Left p = 0.2, middle p = 0.4, right p = 0.5.

We see that MAP path of hidden Beta-Bernoulli model is much more conservative. If
the number of jumps is 0, then p of VT is either 0 or 1. Form o > 0.8 it is so.
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Conclusion

In latent variable model: putting priors on parameter (to relaxe assumptions on
parameters) induces assumptions on paths! For example, noninformative (uniform)
priors on transition matrix in HMM induces long memory to hidden process. On the
other hand hidden Bernoulli(0.5) process — all paths are equiprobable (no assumptions
on paths), but strong assumption on parameter.

For many models (mixtures, HMM's) MM-algorithm (VT) resembles segmentation EM
with Dirichlet priors, hence aims to find MAP of certain Bayesian model even when
user is in fully frequentist setup.

When MM performs well is Bayesian segmentation, its must be bad in parameter
estimation — the path properties are so different (MAP path is far of being typical)!
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