Efficiency and consistency of model selection for time
series

Joint work with K. Kare (Paris 1) and W. Kengne (Cergy)
Jean-Marc Bardet, SAMM, Université Paris 1, France
bardet@univ-paris1.fr

EcoDep 2022 Conference

Paris, June 24

J.-M. Bardet, Paris 1 (ECcoDep onierence



Outline

O An example

M. Bardet, Paris 1 (ECODep onierence



Example
Observe the daily observations of PM10 at Marseille 01/2018 to 12/2019 :

M
)

=  Aims : Chosing an "optimal" model for these data from a family M

of models. For instance,

M = {ARMA(p, q) or GARCH(p', ¢'),
with 0 < p, p' < Pmaxs 0<¢,9" < Gmax}
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Two intuitive definitions

Let (X¢)tez be a time series (sequence of r.v. on (2, A, P))
o (X:)tez is a stationary process if Yk € N*, V(ty, ..., t;) € Z¥,

(Xers - Xe)) = (Xeyihs - Xepon) forall heZ

@ Assume that (&;)tcz is a white noise (centered i.i.d.r.v.)

(Xt)tez causal process if IH : RN — R such as X; = H((ft—k)kzo)-
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Causal AR[oo] and ARCH(o0) models

With (&¢)tez a white noise,

@ AR(o0) processes X; = ZQ;XF,- + &
i=1

P q
— Causal ARMA(p, q) processes X; + Z aiXe_j =& + Z bi&: .

i=1 i=1
@ ARCH(o0) processes, (Robinson, 1991), with by > 0 and b; > 0
{ X = oy,
of = do+ T X
—> GARCH(p, q) processes, with g > 0, ¢j, d; >0, ¢p, dg >0
{ X = o,
of = o+ X GXE Xl diot
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A common frame for studying time series

A common class of models for AR, ARMA, ARCH and GARCH processes :

Causal affine models : class CA(M, f)

Xf = M(Xt_]_,Xt_2, .. )£t + f(Xt_]_,Xt_z, .. .), Vite Z, a.S..

e M(-) and f(-) are real valued function on RV;

o (&t)tez a white noise with E[{p] = 0 and |E[|§O‘r] < oo r>1.
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Extensions of univariate ARCH models

@ TGARCH(o0) processes, (Zakoian, 1994), with by, bjr, b >0

Xe = o0&,
or = by+ Z[ max(X¢—j,0) — b min(Xt_j,O)]

e APARCH(J, p, q) processes, (Ding et al., 1993)
Xt = ot Ct,
o = w+ ZO‘I(|Xt il = 7iXe-i)’ + Zf 1@‘715—17

j=
with 6 > 1, w > 0, —1<*y,<1anda,,BJ>0
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Combinations of models

o ARMA-GARCH processes, (Ding et al., 1993, Ling and McAleer, 2003)

p
Xt:

q
ajXe—i+er+ > bjerj,
i-1 =1

! !
p q
. 2 _ 2 2
et = 0t (e, with of =+ > cey_; + D C/_,O't_j
i-1 =1

o ARMA-APARCH processes, (Ding et al., 1993)
P q
Xe = Y aiXe—i+et+ ) bier,
i=1 j=1

p’ q
et = 0:Cr, with of =w+ Y (| Xeil —7iXei)’ + Y Bl
j=1 j=1
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Existence and stationarity of causal affine models
Xt = M(Xt717Xt727 . )gt + f(Xt717Xt72; . ')7 Vit € Z?
Our main tool for studying those models :

Ox; f(( Kk 1)
M ((xx)k=1)

Assume that exist on R* for any i > 1.

8x,-

Proposition (from Doukhan and Wintenberger, 2007)

IfE[|$]"] < oo with r > 1, there exists a unique causal solution (X¢)¢ez,
which is stationary, ergodic, such as E(|Xy|") < oo, when

Z sup gf((xk)kzl)’ = (|E[|£o|r])1/r Z sup ’8 (Xk k>1 ’ <1
J

— xER*® —; x€ER™
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Examples

Conditions on stationarity become :

o Causal AR[o0] :
Xt:zj?ioajgt—j — j’i0|aj| <1;

e Causal ARCH[x] :
X, = & \/co + % gX2; = (E[l6I]) SF, va < L

e Causal TARCH[x] :
Xe =& (bo + Zj’il [bjr max(X¢—j,0) — b; min(X;—;, 0)])

= (E[l&]])"" 3252, max (b7, b)) < 1;
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Additivity of causal affine models

Proposition

Let ©, C R4, ©; C R, MDY, £D M, £2) for 6, € ©4, 6, € ©,.
There exist max(di,dr) < d < dj +dp, © C R, and M, fy with 6 € ©,
such as for any 61 € ©; C R% and 6, € ©, C R%,

{ea( Y Ueam?, 652 be{eam, h)}

Consequence :
e For any family M = U,-G,CA(Méf), ﬁg(ii)),

—> dd € N*, My and fy such as M = U {CA(/\//(;, f(;)}

) 0cO;CcR?
i€l
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Finite family of causal affine models

If M is a finite family of C.A models :
oM~ {m, with m C {1,...,d}};
o for a model m € {1,...,d}, 3©(m) € R? such as

XGCA(I\/Ig,fg)WlthQG@ C{Xl,...,xd)EIRd, x;:Oifigém}.

Now assume :

O(m )cec{eelR Z sup.

Jj= 1%

0,60 + Bl 1) 3 s [o, o) <1}

— Semi-parametric model selection...
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Gaussian QMLE of causal affine model

Denote m* € M so-called the true model :

(X1,...,X,) observed trajectory of CA(Mpg-, fy-) with §* € ©(m™)
— Xt == M@*(th]_,thz, .. )ft + fg* (th]_,Xt72, .. .), V t e Z

(] Wlth fet = f;g(Xt_]_,Xt_2, . .), Mg = Mg(Xt_]_,Xt_2, .. .),

1 [(Xt — )’

Gaussian conditional log-density : ¢:(9) = 3 ) + log ((M5)2)]
0

o Let £f = fy(Xe_1,...,X1,0,---) and ME = Mp(Xs_1,...,X1,0,---),

. . o 17(Xe — )
Quasi conditional log-density : g.(0) = — % |- —=21
[ (Mg)?

. + log ((#)%)].

ian QMLE : 8, = La(8) with Lo(8) = G:(9).
— Gaussian Q 0 argergng (0) with L,(0) ;th)
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A risk for a family of causal affine models

Let X € C.A(MQ, f};) and 8 € © C RY, define its risk by :

(Xe — ff)?

where fat = fg(Xt_]_, Xt—27 .. .), M@t = Mg(Xt_], Xt—27 .. )
Assumption Al : for 0,0/ € ©, (f) = f2 and MJ = M3) a.s. = 0 =10,

From Assumption Al, for m € M, 07, exists and is unique with

67, = argmin R(6)
0cO(m)

— 0. =0 andifm*Cm 0, =0"
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Empirical risk and computable empirical risk

Define the empirical risk :

n

Ra(0) =~ 520, X0).
t=1

Not computable! Define the computable empirical risk :

Rul0) = 3050, %) with 30, X,) = (Xt:tfff T 1og (WIE)2)
" (M)

where ?;t = fp(X¢-1,...,X%1,0,---) and l\//\lg = My(Xe—1,...,X1,0,---).

Finally, for m € M, the QMLE 0, is

O, = argmin l?,,(@).
0€©(m)
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Model selection procedure

Define a penalty function m € M ~ pen(m) € R™, possibly
data-dependent, such as pen(m;) < pen(my) when my C my.

Then define the penalized contrast and the model selected by it :

Mpen = argmin {a,en(m)} with a,en(m) = ﬁn(ém) + pen(m).

meM
Natural aim : find My = argmin R(§m).
meM

—> Let the ideal penalty be defined by

~ -~

peng(m) = R(6m) — Ry (§m)
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Assumptions

e A0

e Al :

o A2 :

o A3 :

o A4

a/ sup
0cO

b/ sup
0c©

: © for r > 8, where IE[&S] =1:

for 6,0’ € ©, (£ =) and M = M) as. = 0 =10
dM > 0 such that My(x) > M for all 6 € ©, x € RN,

For any m € M, 6% belongs to the interior of ©(m).

: For any 0 € ©, x € R™, 0,,02,fy(x) and 0y, 9% My(x) exist and

( suRp | O fo(x |+ sup | O Mg (x)| + sup H@Xk&gfg(x |
x€l

+ sup ||0y A9 My( X)H) — O(k™0) with § > 7/2
x€R>

o)

<Z sup Haxkange )| + SUP Hana(32M9 ”) < o0
k=1*€R
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Asymptotic normality of the estimator

Théoréme

Under Assumptions AQ-A4, for any m € M,

Vi (@i = )i 2 N (0, (Fn03) ™ Gin03) (Fi83) ™).

€M n_so0

with G, and F,, defined by

. Gm(e):% (Z cov(dg,v(0, Xo) » 39,-7(97)@)))

teZ

1 .
— Gnl(07) =5 (cov(agi’y(ﬁ*,Xo), 391'7(9*’X°))),-,jem if m* C m

ijeEm

+ Fult)=— (E[1700.3))

ijEM

@ Could be applied to all cited processes ARMA, ARCH, APARCH,...
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Consequences of asymptotic normality
Proposition

Under Assumptions A0-A4, there exists Ng € IN such as for any n > N,

argmin IE[R(é\m)] =m".
meM

Proposition

Under Assumptions A0-A4 and for any m € M, 3 a bounded sequence
(v})nen=, not depending on m when m* C m, satisfying

*

E[pengy(m)] ~ — % Trace((Fm(G;kn))_1 Gm(O;"n))) o V—’;'

2 |ml| Gaussian process
Gm(05,)) = { 2|m| ARMA process
(1a — 1) |m| GARCH process

Rem : —2Trace((Fm(6,)) -
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Efficiency

Théoréme
Under Assumptions A0-A4, and if for any € > 0, 3K. > 0 such as

lim sup max IP(n pen(m) > Ka> <e.

n—oo ME

Then for any € > 0, M. > 0 and IN. € IN* such as for any n > N,

P(R(

~

. ~ M
Ppen) < min {R(B)} + =) 21—,

Example : Satisfied for pen(m) = E[pen;4(m)], not for pen(m) = Io%.
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Efficiency (2)

Théoréme
Assume that there exists g : M — [0, co[ such as pen(m) = ﬁr:n) for any
m € M. Then, under Assumptions A0-A4,
lim inf P (Mipen overfits) > 0.

and there exists M > 0 such as for n large enough,

E[R(97..)] > min E[R(G, M

|: ( mpen)] = ITEEI./';]/[ |: ( m)] + 7
log n

Example : Satisfied for pen(m) = E [pen;4(m)], not for pen(m) = &~
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Efficiency and consistency

Théoréme
Under Assumptions A0-A4 and if for any € > 0,
nP(pen(m) >¢) — 0 forany me M.

n—-00

Then,
nP(m* ¢ Mpen) —> O.

n—-+o00

— if the penalty decreases to 0 (in proba), 6pen does not select a
misspecified model asymptotically.
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Efficiency and consistency (2)

Théoreme
Under Assumptions AQ-A4, if the penalty pen satisfies (25), and if for
m* C m, ep(m) = pen(m) — pen(m*) > 0 satisfies

nE[e,(m)] T and  nE[|e,(m) — E[e,(m)]|] Al

then IP(r/ﬁpen:m*) —+> 1.
n——+00

For any ¢ > 0 and > 0, 3N, ;, € N* such as for any n > N,

{ P(R(ry) < R(Bm)) +2) 2 1—¢

~

E[R(85,..)] < minmer E[R(Om)] + 2.

= Results valid for instance for BIC penalty pen(m) = =&=.
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A new consistent criterion

Théoréme (Laplace approximation)

Under Assumptions A0-A4, and for any x € R, the functions § — My and
0 — fy are C%(©), then

—2xlog (P((X1,...,Xn)|m)) = —2><Z,,(§m)—|—log(n) |m|—2 log (bm(gm))
— log(27) |m| + log (det ( — Fo(m))) + 2 log(IM|) + O(n?) a.s.

where ﬁn(m) o= (agiej I?,, (é\m)): ., and by a bounded function on ©.

JE

Consequences : Using this approximation :

® mpc = argmin { - 2Zn(§m) + log(n) |m|}, (Schwarz, 1978)
meM

@ Mkc = argmin { — 2[,,(5,,,) + log(n) |m| + log (det ( — I?,,(m)))},
meM
(Kashyap,-1982).
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A new consistent criterion (2)

= By taking more terms in the Laplace approximation, define :

KC'(m) = BIC(m) — log(27) |m| + log (det ( — Fn(m))) + 2log (|m])

and Mgcr = argmin {i/(?f/(m)}
meM

Corollary
The criteria BIC, KC and KC’ are consistent model selection criteria and
satisfy o(1/n) efficiency.
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Simulation results for classical models

Consider the following test bench :

DGP |  AR(2)

DGP Il ARMA(1,1)
DGP Il GARCH(1,1
DGP IV GARCH(1,1
DGPV  GARCH(1,2
DGP VI  GARCH(2,2

— — — —

Xt == 0.4 Xt—l + 0.4 Xt_z + gt,
Xt —0.5 thl = gt + 0.6 €t711

Xt =0t é:t Wlth
Xt =o0+&  with
X =o0+&  with
X =o0+&  with

02 =1+4035X2, +0.402_,,

02 =0.01 +0.15X2 ; +0.75¢6%_;,

02 =0.01+0.2X2,+0.202 ; +0502 ,,
02 =0.01 +0.05X2 ; +0.2X2 , +0.302_,

where (&;); is a Gaussian white noise with variance unity.

J.-M. Bardet, Paris 1 (ECoODep 2U

onierence



Simulation results (2)
n 200 500 1000 2000
AlIC BIC ‘ AIC BIC ‘ AIC BIC KC’ ‘ AIC BIC KC
DGP | True 17.2 36.2 35.6 30.4 73.2 78.2 36.4 87.4 92.2 32.4 96.2 98.¢
Wrong 82.8 63.8 64.4 69.6 26.8 21.8 63.6 13.6 7.8 67.6 03.8 01.¢
DGP 1l True 27.8 80.8 92.0 30.6 88.4 96.6 31.0 89.1 97.5 33.3 95.2 99.¢
Wrong 72.2 19.2 08.0 69.7 11.6 03.4 69.0 10.9 02.5 66.7 04.8 00.]
DGP 1l True 00.4 10.8 14.8 01.4 32.2 55.8 01.0 54.8 82.0 02.0 75.8 93.¢
Wrong 99.6 89.2 85.2 98.6 67.8 44.2 99.0 45.2 18.0 98.0 24.2 06.-
Table — Percentage of "true" selected models for DGP I-111.
n 200 500 1000 2000
AlIC BIC KC’ ‘ AlC BIC KC’ ‘ AlC BIC KC’ ‘ AlC BIC KC’
| DGPI | 491 259 535 | 346 111 118 | 3.08 098 075 | 305 038  0.29 |
| DGP 1l | 366 087 054 | 337 042 011 | 262 015 0.5 | 25 010 0.04 |
| DGP Il | 239 463 1316 | 253 4.08 954 | 2.60 296 252 | 321 206 076 |

Table — ME = n (R(6) — R(6m-)) for DGP I-Il.

-M. Bardet, Paris 1 (ECODep onierence )



Simulation results (3)

n 500 1000 2000 5000
AIC  BIC \ AIC  BIC \ AIC  BIC KC' | AIC  BIC KC
DGP IV True 81.8 884 86.8 982 87.2 984 044 | 888 100 10(
Wrong | 182 116 132 1.8 128 16 56 | 112 0 (
DGP V True | 208 9.6 240 | 512 226 546 | 764 498 842 | 838 958  97.
Wrong | 702 904 76.0 | 488 774 454 | 236 502 158 | 162 4.2 2.
DGP VI True 254 34 220 | 448 86 488 | 688 244 750 | 848 712  94.(
Wrong | 746 966 78.0 | 552 914 51.2 | 31.2 756 250 | 152 2838 6.
Table — Percentage of "true" selected models for DGP IV-VI.
n 500 1000 2000 5000
AlC BIC KC' | AIC  BIC KC' | AIC BIC KC | AIC BIC KC
| DGP IV | 052 4.23 12.17 | 095 013 1.71 | 067 0.08 0.24 | 043 0 0 |
| DGPV | 358  8.23 15.12 | 2.16 43 445 | 143 445 1.05 | 065 0.84 0.15 |
| DGP VI | 242 1063 21.16 | 230 527 265 | 126 514 124 | 090 3.08 0.46 |
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R(8,-)) for DGP IV-VI,



Example

For the daily observations of PM10 at Marseille 01/2018 to 12/2019 :

FM
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