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Integer-valued GARCH
Classical GARCH (Bollerslev, 1986):

Xt = 0Otéy,

P q
2 2
w + ZaiXt—i + ZBJ'O't_j,
i=1 Jj=1

2
Ot

where (e¢)tez i.i.d., Ec¢ =0, E[a%] =1.
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Classical GARCH (Bollerslev, 1986):
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P q
2 2
w + ZaiXt—i + ZBJ'O't_j,
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2
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where (e¢)eez ii.d., Eee =0, E[e7] =1. ) v
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Integer-valued GARCH
Classical GARCH (Bollerslev, 1986):

Xt = 0Otéy,

P q
2 2 2
Ot = W + ZaiXt_i + ZBJ'O't_j,
i=1 Jj=1

where (e¢)¢ez i.i.d., Ee¢ =0, E[a%] =1.

p q
~ Var(th | Xt—l,O't—l,Xt—2a0't—2,- ) = w + ZO[,'XE_; + Zﬁjd?_j.
i=1 Jj=1

Integer-valued counterpart: Poisson-INGARCH
Xt | .7:1-_]_ ~ POiS(/\t),
P q
At = w+ ZaiXt—i + Zﬁj)\t—b
i=1 j=1

where Fg = 0(Xs, As, Xs-1, As-1,- - .)
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Integer-valued GARCH
Classical GARCH (Bollerslev, 1986):

Xt = Otes,

P q
2 2 2
Ot = W + ZaiXt_i + ZBJ'O't_j,
i=1 Jj=1

where (g¢)¢ez i.id., Ege =0, E[e2] =
~ Var(th | Xt—l,O't—l,Xt—2a0't—2,- ) = w + ZO[,'XE_; + Zﬁjd?_j.
i=1 Jj=1

Integer-valued counterpart: Poisson-INGARCH
Xt | .7:1-_]_ ~ POiS(/\t),
P q
At = w+ ZaiXt—i + Zﬁj)\t—j,
i=1 j=1

where Fg = 0(Xs, As, Xs-1, As-1,- - .)
~  Var(Xe| Feo1) = E(Xe | Feo1) = w + Za Xei + ZﬁJAH
j=1
September 17, 2021 4/23
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Our framework: Nonlinear Poisson-INGARCH

Xt | .7:1_-_]_ ~ POiS()\t),
)\t = f@o(Xt—lw")Xt—pa)\t—la"'7)\t—p)

(6o € © true parameter)
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Our framework: Nonlinear Poisson-INGARCH

Xt | .7:1_-_]_ ~ POiS()\t),
)\t = f@o(Xt—lw")Xt—pa>\t—17"'7)\t—p)

(6o € © true parameter)

Condition 1 fa, “contractive”
der,..,Cpydi, ..., dg 20, X8 1c,+ZJC.’:1dJ-< 1:

oo (Xts - Xps ALy -3 Aq) = o (X X0 AL, AL

<> cilxi - x|+2d|)\ oyl
J=

i=1

©
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@ Properties of an INGARCH process
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Properties of the INGARCH process

Define Zt = (Xt, e ;Xt—p+1; )\t, ey )\t—q+1)-

Then Z = (Z;)tez is a time-homogeneous Markov process with state space
S:=Nfx[0,00)9.
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Then Z = (Z;)tez is a time-homogeneous Markov process with state space
S:=Nfx[0,00)9.

We show:

@ Markov kernel 7€ of Z is contractive.
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Properties of the INGARCH process

Define Zt = (Xt, e uXt—p+1; )\t; ey )\t—q+1)-

Then Z = (Z;)tez is a time-homogeneous Markov process with state space
S:=Nfx[0,00)9.

We show:
@ Markov kernel 7€ of Z is contractive.

Implications:
@ Z has a unique stationary distribution

° (Xt)teZ is absolutely regular (3-mixing)
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Coupling

Metric on S:

Ay s((X1s X ALy M), (X, -, X0, AL, AG))

P q
= Z’y,'|X,' —X,-I| + Z(SJP\J - >\J,|
i=1

j=1
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Coupling

Metric on S:
A%(;((Xl,...,xp,)\l, 3 Aq)s (x1,- ..,xp,)\ ..,)\;))
p
= b =Xl + ILIEPY
i=1 j=1
Proposition 1 (Markov kernel is contractive)

Suppose that Condition 1 is fulfilled. Then, for an appropriate choice of
Yy-vorVps015.-.,0g >0, k <1, there exist

Zi|Zi1= Zi|Zy_1=2"
Z~pp#= and 7'~ PR
00 00

on a probability space (ﬁ,]?, .5) such that

EN,5(Z,2') < D, 5(2,7). (2.1)
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Proof of Proposition 1 For z=(x1,...,Xp, A1,...,Aq),
Z' = (X5 X ALy e+, A ), define

Z (X,X]_,... Xp_]_,)\ )\1,...,)\(,_1),

Z' = (XX, x) g, N, ...,)\;_1),

pl?
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Proof of Proposition 1 For z=(x1,...,Xp, A1,...,Aq),
Z' = (X5 X ALy e+, A ), define

Z (X,X]_,... Xp_]_,)\ )\1,...,)\,_-,_1),

Z, = (X/,X]l_,... P 1,)\, ...,)\;_1),

where, according to the model equation,

A= foo(X1se s Xpy ALy, Ag), N o= gy (X1s - X0, ALs s Ag).
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Proof of Proposition 1 For z=(x1,...,Xp, A1,...,Aq),
Z' = (X5 X ALy e+, A ), define

Z = (X,X]_,... Xp_]_,)\ )\1,...,)\,_-,_1),
Z, = (X/,X],_7... P 1,)\, ...,)\;_1),
where, according to the model equation,
A= foo(X1se s Xpy ALy, Ag), N o= gy (X1s - X0, ALs s Ag).
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Proof of Proposition 1 For z = (x1,...,Xp, A1,...,Aq),
Z' = (X5 X ALy -+, Ag), define

Y po
Z = (X,Xl,... Xp 1,)\ )\1,...,)\,_7_1),
Z' = (XX, xp 1 MDA A,

where, according to the model equation,
A= foo (X1, Xps ALy ooy Ag), N o= fy, (X, ,xp,)\ ..,)\;).

(Condition1 ~ |[A-)\|< Zle cilxi — xi| + Zj":l di|\j - )\J’|)
To generate X ~ Pois(\) and X’ ~ Pois(\"), take a Poisson process with
unit intensity: (N(”))u>o and define

X =N, X =NOW).
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Proof of Proposition 1 For z = (x1,...,Xp, A1,...,Aq),
Z' = (X5 X ALy -+, Ag), define

Z = (X,Xl,... Xp 1,)\ )\1,...,)\,_7_1),

Z, = (X/,X{,... P 1,)\, ...,)\;_1),

where, according to the model equation,

A= foo (X1, Xps ALy ooy Ag), N o= fy, (X, ,xp,)\ ..,)\;).

(Condition1 ~ |[A-)\|< Zle cilxi — xi| + Zj":l di|\j - )\J’|)

To generate X ~ Pois(\) and X’ ~ Pois()\’), take a Poisson process with
unit intensity: (N(”))u>o and define

X =N, X =NOW).

Then, there exist v1,...,7p,01,...,04 >0, x <1 such that

EA%(g(Z,Z') <. <kl 5(2,2).
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Another representation of the contraction property

Kantorovich (Wasserstein L!) distance:

IC(Q7 Q,) = ZN(?ianl"’Q’ EA’Y:‘S(Z? Z’)’

where Z and Z’ are random variables with respective dEtnibuEions Q
and Q’', both defined on a common probability space (2, F, P).
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Another representation of the contraction property

Kantorovich (Wasserstein L!) distance:

IC(Q7 Q,) = Z~Qian/~Ql gA’Y:‘S(Z? ZI)?

where Z and Z’ are random variables with respective dEtribu:Eions Q
and Q’', both defined on a common probability space (2, F, P).

7% := Markov kernel which governs the transition from Z;_; to Z;.

Proposition 2 Suppose that Condition 1 is fulfilled. Then, for
arbitrary distributions Q, Q" on S,

K(Qr?, @'r%) < kK(Q,Q'),

i.e., the mapping Q » Q7? is contractive.
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Another representation of the contraction property

Kantorovich (Wasserstein L!) distance:

IC(Q7 Q,) = Z~Qian/~Ql EA’Y:‘S(Z? ZI)?

where Z and Z’ are random variables with respective dEtribu:Eions Q
and Q’', both defined on a common probability space (2, F, P).

7% := Markov kernel which governs the transition from Z;_; to Z;.

Proposition 2 Suppose that Condition 1 is fulfilled. Then, for
arbitrary distributions Q, Q" on S,

K(Qn%, Q'n%) < kK(Q,Q"),
i.e., the mapping Q » Q7? is contractive.

Proof Follows from (2.1). o
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Stationarity

Corollary 1
Suppose that Condition 1 is fulfilled. Then (Z;)tcz has a unique stationary
distribution.
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Stationarity

Corollary 1

Suppose that Condition 1 is fulfilled. Then (Z;)tez has a unique stationary
distribution.

Proof
e Q+— QnZ contractive
o P:={Q: Q probab. distr. , [ |x| dQ(x) < oo} complete

Banach fixed point theorem: 7% admits a unique fixed point Qq, i.e.
Q7% = Q. O
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Absolute regularity of the count process

Corollary 2
Suppose that Condition 1 is fulfilled. Then (X:)ez is absolutely regular

(B-mixing),
Bx(n) < Cp" VneN,

for some C < o0, p< 1.
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Absolute regularity of the count process

Corollary 2
Suppose that Condition 1 is fulfilled. Then (X:)ez is absolutely regular

(B-mixing),
Bx(n) < Cp" VneN,

for some C < o0, p< 1.

Proof

Bx(n)
- E[stép‘P((Xn,X,Hl,...) €C| X0, X1,-) = P((Xn, Xne,) € C)]
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Absolute regularity of the count process

Corollary 2
Suppose that Condition 1 is fulfilled. Then (X:)ez is absolutely regular
(B-mixing),

Bx(n) < Cp" VneN,

for some C < o0, p< 1.

Proof

Bx(n)
- E:s%p P(( X, Xns1,---) € C | X0, X1y ) = P((Xny Xs1, ) € C)|]
< E:s%p P((Xp, Xos1,---) € C| Z0,Z1, ... ) = P((Xoy X1, -..) € C)|]
- E:Slép P((Xns Xni1, ) € C | Zo) = P((Xn, Xpea,--) € O]
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Proof of Corollary 2 (contd.)

Ii(zt)teﬁo and (Z{)teNo are two versions of the process (Z;)¢en, such that
Zy and Zj are independent, then

E[s%p|P((X,,,X,,+1,...) € C|2Zo) = P((Xos Xne,-) € C)|]

|

< E[sup|P((Xn, Xns1,-- ) € C| L) = P((X, Ko ) € C1 2§
C
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Proof of Corollary 2 (contd.)

Ii(zt)teﬁo and (Z{)teNo are two versions of the process (Z;)¢en, such that
Zy and Zj are independent, then

E[s%p|P((X,,,X,,+1,...) € C|2Zo) = P((Xos Xne,-) € C)|]

< E[sup|P((Xn, Xns1,-- ) € C| L) = P((X, Ko ) € C1 2§
C

n+ls -

|

< 5()?,,+/ + X/, for some | > 0)
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Proof of Corollary 2 (contd.)

If (Zt)teﬁo and (Z{)teNo are two versions of the process (Z;)¢en, such that
Zy and Zj are independent, then

E[sup|P((Xn,X,,+1,...) € C|2Zo) = P((Xos Xne,-) € C)|]

< E[sup|P((RosKos1, ) € €1 20) = P((X5, Kpss ) €€ 1 2

|

< ﬁ()? azX,, for somele)
< iP(Xn+I;t5<,,,H_I) < ii’EvA776(zn+/7’Zvrl1+l) < i
=0 1=0 71 71 (1-p)

< Cpn+/
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INGARCH(1,1): (la,x) and (la',x’) independently run INGARCH(1,1): (la,x) and (la',x") coupled

B . oo o
{1 8 1 °
T T T T T T T T T T T T T T
0 5 10 15 20 25 30 0 5 10 15 20 25 30
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Bootstrap

@ Realizations xq,...,x, of X1,...,X, are observed
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Bootstrap

@ Realizations xq,...,x, of X1,...,X, are observed
@ Sometimes knowledge of the properties of (X;)en required:

» confidence intervals/sets (width)
» hypothesis tests (critical value)
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Bootstrap

@ Realizations xq,...,x, of X1,...,X, are observed
@ Sometimes knowledge of the properties of (X;)en required:
» confidence intervals/sets (width)
» hypothesis tests (critical value)
o “Bootstrap”:
Given xi,...,x,, construct an artificial process (X;):eny which
(hopefully) mimics the behavior of (X:)ten
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Bootstrap (contd.)

In our case:

@ parametric model:

Xt | ft_]_ ~ POiS()\t),
At

feo (Xt—17 cee aXt—pa >‘t—17 sty )‘t—q)
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Bootstrap (contd.)
In our case:

@ parametric model:
Xt | ft_]_ ~ POiS()\t),
)\t = f@o(Xt—lv"'aXt—paAt—lv' "7>‘t—q)

e estimate 6 be 9, = @\,,(Xl, ey Xn)
(e.g. by conditional maximum likelihood)
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Bootstrap (contd.)
In our case:

@ parametric model:

Xt | ft_]_ ~ POiS()\t),
)\t = f@o(Xt—lv" 'aXt—paAt—lv' "7>‘t—q)
e estimate 6 be 9, = @\,,(Xl, ey Xn)
(e.g. by conditional maximum likelihood)

@ construct bootstrap process:
> choose pre-sample values X7, ..., X{";, A5, ..., A,
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Bootstrap (contd.)
In our case:

@ parametric model:

Xe| Feer ~ Pois(Ae),
)\t = feo (Xt—lv v aXt—pa >‘t—17 ey At—q)
e estimate 6 be 9, = @\,,(Xl, ey Xn)
(e.g. by conditional maximum likelihood)
@ construct bootstrap process:
> choose pre-sample values X7, ..., X{";, A5, ..., A,
»fort=1,...,n:
At
X!

o (X as o X Mg A )
Pois(\;)

2
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Bootstrap (contd.)

In our case:

@ parametric model:

Xe| Feer ~ Pois(Ae),
Ar = fo(Xee1s o s Xepy Aoty -, Ae—gq)
e estimate 6 be 9, = @\,,(Xl, ey Xn)
(e.g. by conditional maximum likelihood)
@ construct bootstrap process:
> choose pre-sample values X7, ..., X{";, A5, ..., A,
»fort=1,...,n:
A= (X X A A )
X ~ Pois(A})
@ hope for the best:

pXE e X X X

womn Xl,...,Xn
o = P90
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Bootstrap consistency

Usual approach:

e S5,=5,(X,.. iy Xni 00) statistic of interest,
e.g. Sp=Vn(X,—-EX1), Xo=n 120 X,
@ knowledge of PéSO" required
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Usual approach:
@ S5,=5,(Xq,...,Xp 6p) statistic of interest,
e.g. Sp=vn(Xo-EX1), Xy =013, X,
@ knowledge of PéSO" required

0 S =S5,(X;,..., X" 0,) bootstrap counterpart to S,

Neumann (Jena) Bootstrap for INGARCH September 17, 2021 18 / 23



Bootstrap consistency

Usual approach:

e S5,=5,(X,.. iy Xni 00) statistic of interest,

e.g. Sp=Vn(X,—-EX1), Xo=n 120 X,
@ knowledge of Péso" required
0 S =S5,(X;,..., X" 0,) bootstrap counterpart to S,
@ prove

SH X1, Xn pSa\ P
d(P90 ' ’P90 ) - 07

d appropriate metric
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Bootstrap consistency

Usual approach:

e S5,=5,(Xy,.. - X o) statistic of interest,

e.g. Sp=vn(Xs-EX1), Xp=nt 30 X
o knowledge of P(fo" required
0 S =S5,(X;,..., X" 0,) bootstrap counterpart to S,
@ prove

SH X1, Xn pSa\ P
d(P90 ' ’P90 ) - 07

d appropriate metric

More general approach:

Construct, on (ﬁ,f, 13), respective versions (7t)t:1:--~7” and (Z")tzl,“

(Zt)¢=1,..,n and (Z;)¢=1,...n such that

EA,5(Z:,Z}) “small”

Neumann (Jena) Bootstrap for INGARCH September 17, 2021
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Conditions for bootstrap consistency
Condition 1’

dci, ..., ¢p,d1, ..., dg 20, Z?:1Ci+2j]:1dj<1:

fo(X1, o Xpy A Ap) = fo(X0, e X AL, A

P q
< Yocilxi= x|+ Y di|A - A
i1 j=1

Vo e eo,
where ©g = {0 € ©: |0 — o] <5}, 6 > 0.
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Conditions for bootstrap consistency
Condition 1’

3C1,...,Cp,d1,...,dq20, Z?:1Ci+2j]:1dj<1:
fo(X1, o Xpy A Ap) = fo(X0, e X AL, A
P q
< > cilxi = xj| + Zdj|)\j—)\J’-] V0 € O,
i=1 j=1

where ©g = {0 € ©: |0 — o] <5}, 6 > 0.

Condition 2
0, — 6o
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Conditions for bootstrap consistency
Condition 1’

dci, ..., ¢p,d1, ..., dg 20, Z?ZIC;+ZJC-]:1dj<1:
fo(X1, o Xpy A Ap) = fo(X0, e X AL, A
P q
< Zc,-|x,——x,-'| + Zdj|)\j—)\J’-] V0 € O,

i=1 j=1
where ©g = {0 € ©: |0 — o] <5}, 6 > 0.

Condition 2
0, — 6o

Condition 3
‘fg(xl,...,xp,)\l,...,)\q) - fgo(xl,...,xp,)\l,...,)\q)|
p q
<Mool (Yxi+ D)),
-1 =1
for all (x1,...,Xp,A1,...,Aq) €S and all f € Og.
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A characterization of bootstrap consistency

Theorem 1
Let Conditions 1', 2 and 3 be fulfilled. Then

EDy (2. 2:)
ME|Z| (
1-

+61) ~ ~ o=
Zl 1)\\9n—90u + K EN,5(Z5,20)
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A characterization of bootstrap consistency

Theorem 1
Let Conditions 1', 2 and 3 be fulfilled. Then

EDy (2. 2:)
ME|Z| (
1-

+61) ~ ~ o=
Zl 1)\\9n—90u + K EN,5(Z5,20)

Ii’{roof~ L B _ _ B _ _
Zo= (X0, X1-ps X0, - -, Ai—q), Z5 = (XO*,...,Xl*_p,)\g,...,)\{_q)
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A characterization of bootstrap consistency

Theorem 1
Let Conditions 1', 2 and 3 be fulfilled. Then

EDy (2. 2:)
ME|Z| (
1-

+61) ~ - e =
Zl 1)\\9n—00u + KU ED, (75, Z0)

Ii’{roof~ L B _ _ L _
Zo= (X0, X1-ps X0, - -, Ai—q), Z5 = (XO*,...,Xl*_p,)\a“,...,)\{_q)
For t > 1,

Xf = fbo(zt—l)7 X: = %H(Z:—l)

X: Ne(Xe), X: = N:(X),

where (N1(u))us0, (N2(u))us0, - - .independent Poisson processes
|
Neumann (Jena) Bootstrap for INGARCH September 17, 2021 20 / 23



Properties of the coupled process

Theorem 2
Let Conditions 1', 2 and 3 be fulfilled. If 8, € ©g, then

(i) ((Z,Z*))tEZ has a unique stationary distribution.
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Properties of the coupled process

Theorem 2
Let Conditions 1', 2 and 3 be fulfilled. If 8, € ©g, then

(i) ((Z,Z*))tEZ has a unique stationary distribution.
(i) (()?t,it*))tez is absolutely regular,

Bz (n) = o(p"), p<l
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Properties of the coupled process

Theorem 2
Let Conditions 1', 2 and 3 be fulfilled. If 8, € ©g, then

(i) ((Z,Z*))tEZ has a unique stationary distribution.
(i) ((Xt’xt*))tez is absolutely regular,

Bz (n) = o(p"), p<l

Proof
Consider two versions, ((Z, Z:))teZ and ((Z’,Zf’))tez of the coupled
process.
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Properties of the coupled process

Theorem 2
Let Conditions 1', 2 and 3 be fulfilled. If 8, € ©g, then

(i) ((Z,Z*))tEZ has a unique stationary distribution.
(ii) ((Xt,)ﬂ(/t*))tEZ is absolutely regular,

Bz (™ = 0", p<l.

Proof

Consider two versions, ((Z, Z"))teZ and ((Ztl’f:,))tez of the coupled
process.

Draw on

E[Amé(z» Z,) + Aw,é(ft*’ Zt*/)] <K E[A%(;(Z,l, Z—l) + Ay,a(Z*_l, Z:—Il)]
O

Neumann (Jena) Bootstrap for INGARCH September 17, 2021 21 /23



Boostrap consistency for statistics of different type

Consequence of Theorems 1 and 2: Bootstrap works for ...
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Boostrap consistency for statistics of different type

Consequence of Theorems 1 and 2: Bootstrap works for ...
@ sample mean:
b Sy = /A(Xn - EXi) -5 ¥ ~ N(0,02)
»  bootstrap counterpart:  S) = ﬁ(yz - EX})
> E[(5,-5;)%]=0(1) ~ “bootstrap works"
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Boostrap consistency for statistics of different type

Consequence of Theorems 1 and 2: Bootstrap works for ...
@ sample mean:
b Sy = /A(Xn - EXi) -5 ¥ ~ N(0,02)
»  bootstrap counterpart:  S) = ﬁ(yz - EX})
> E[(5,-5;)%]=0(1) ~ “bootstrap works"
@ generalized means
@ autocovariances

@ degenerate von Mises and U-statistics
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Summary

@ Poisson-INGARCH process

Xt | ft_]_ ~ POiS(/\t) )\t = fO(Xt—l)
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Summary
@ Poisson-INGARCH process:

Xt | ft_]_ ~ POiS(At), )\t = fO(Xt—l) . 7Xt—p7 )\t—la ey )\t—q)

@ contraction condition on intensity function fy
~  “successful coupling”:
» Markov kernel 7% contractive
» mapping Q — Qm? contractive
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Summary
@ Poisson-INGARCH process:

Xt | ft_]_ ~ POiS(At), )\t = fO(Xt—l) . 7Xt_P7 >\t—1a ey )\t—q)

@ contraction condition on intensity function fy
~  “successful coupling”:
» Markov kernel 74 contractive
» mapping Q — Qm? contractive

@ implications: hassel-free proofs of ...

» stationarity
» absolute regularity (S-mixing)
» bootstrap consistency
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Summary
@ Poisson-INGARCH process:

Xt | ft_]_ ~ POiS(At), )\t = fg(Xt_l, ce 7Xt—p7 >\t—1a e

@ contraction condition on intensity function fy
~  “successful coupling”:
» Markov kernel 74 contractive
» mapping Q — Qm? contractive

@ implications: hassel-free proofs of ...
» stationarity
» absolute regularity (S-mixing)
» bootstrap consistency

M)

Details: Neumann, M. H. (2021). Bootstrap for integer-valued generalized
GARCH(p,q) processes. Statistica Neerlandica 75 (3), 343-363.
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